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psj ■ Abstract 

I We introduce quantum XOR games, a model of two-player one-round games that extends 

■ the model of XOR games by allowing the referee's questions to the players to be quantum 
states. We give examples showing that quantum XOR games exhibit a wide range of behaviors 
that are known not to exist for standard XOR games, such as cases in which the use of entan- 
glement leads to an arbitrarily large advantage over the use of no entanglement. By invoking 

■ two deep extensions of Grothendieck's inequality, we present an efficient algorithm that gives 

■ a constant-factor approximation to the best performance players can obtain in a given game, 
both in case they have no shared entanglement and in case they share unlimited entanglement. 

' As a byproduct of the algorithm we prove some additional interesting properties of quantum 

XOR games, such as the fact that sharing a maximally entangled state of arbitrary dimension 
I gives only a small advantage over having no entanglement at all. 

a- 
^. 

G^. 1 Introduction 

Two-player games play a central role in both computational complexity and quantum informa- 
^ I tion theory. In the former, they crucially appear in major developments such as interactive proof 

^ : systems IIBGKW88II . efficient proof v erification IIBFL91II . the TCP theorem lALM+98[ lAS98ll . and 

Q^ ■ hardness of approximation iFGL+96J. In the latter, they are a powerful tool to quantify the power 

. of entanglement [Bel64J and suggest experiments that demonstrate its nonlocal properties. 

1 In a two-player one-round game, a referee interacts with two players who cooperate in order to 

win the game. The referee chooses a pair of questions (s, t) according to a publicly known distribu- 
tion TT and sends one question to each player. The players are each requested to provide answers 
a, b respectively. The players win or lose the game based on a public predicate V{a,b\s, t) G {0, 1}. 
Crucially, the players are not allowed to communicate between themselves. 
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The no-communication condition is traditionally interpreted as saying that the players can be 



X: 

! modeled by a pair of functions A : s a and B : t i— ?► This implicit assumption, however, is 

challenged by quantum information theory. Indeed, quantum mechanics allows for an additional 
resource to be shared between the players: quantum entanglement. While shared entanglement 
does not allow for communication between the players, it has been known since the work of 
Bell iBel64j that it can improve the players' success probability in such games. Examples of games 
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^One can extend this by allowing players to behave randomly, or even allow them access to a shared random string. 
However, a simple convexity argument shows this buys them no power, and optimal classical strategies are without 
loss of generality deterministic. 
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in which entanglement allows for winning probabilities that are greater than what can be achieved 
by unentangled players are known in the quantum information literature as "Bell inequality vi- 
olations". Apart from their inherent theoretical interest, the existence of such games enables an 
experimental demonstration of the nonlocal nature of entanglement. 

XOR games. This paper is concerned with arguably the simplest type of two-player games, 
called XOR games. Those are two-player one-round games in which the referee's behavior is 
restricted: each player only provides him with a one-bit answer, and he is constrained to make his 
accept/ reject decision based on the parity of the two bits alone. 

In the context of XOR games it is customary to quantify the players' success through their 
bias, defined as twice the difference between the players' success probability and their success 
probability if they answered all questions randomly. Optimizing the bias over players restricted 
to sharing a certain type of nonlocal resource leads to different quantities of interest. The unen- 
tangled bias co{G) corresponds to the largest possible bias achievable by players restricted to not 
using any entanglement at all. The entangled bias co*{G) corresponds to players who may share 
an arbitrary entangled state. In addition, it will be interesting to consider the maximally entangled 
bias, co""^{G), which corresponds to players restricted to sharing a maximally entangled state of 
arbitrary dimension. 

XOR games were first introduced in quantum information theory by Cleve et al. |CHTW 041 , al- 
though they already appeared implicitly in the works of Bell liBel64il and Clauser et al. ||CHSH69J . 
The first systematic study of such games from a mathematical point of view was undertaken 
by Tsirelson in the 80s. Tsirelson's key observation fTsiSOl is that the entangled bias can be ex- 
actly reformulated as a simple optimization problem over inner products of vectors in a space 
of bounded dimension (depending only on the size of the game). As observed in IICHTW04I , an 
immediate corollary of this characterization is that the entangled bias co*{G) can be computed 
efficiently using semidefinite programming techniques. An additional consequence, also due to 
Tsirelson, is that one can always achieve the optimum bias using a maximally entangled state, i.e., 
a;""^(G) = co*{G) for all XOR games G, and moreover, a maximally entangled state of relatively 
small dimension suffices. 

Using this reformulation, Tsirelson established a deep connection between XOR games and 
Grothendieck's inequality IGro53| , a fundamental inequality in Banach space theory. As a conse- 
quence, he showed that players using entanglement in an XOR game could only achieve a con- 
stant factor advantage over unentangled players — the constant being Grothendieck's constant. In 
other words, co*{G) is always at most a constant factor larger than co{G). This established one 
of the first systematic limitations on the strength of quantum entanglement, and bounds on the 
entangled bias are now known as Tsirelson inequalities. 

XOR games have also been studied extensively in theoretical computer science. In contrast to 
the entangled setting, Hastad |Has01| showed that it is NP-hard to approximate, within a small 
constant, the unentangled bias co{G) of an XOR game G. From that result he deduced the NP- 
hardness of approximating the MAXCUT problem to within a constant factor (among others). 
The connection between XOR games and Grothendieck's inequality discovered by Tsirelson has 
also found applications in this context. For example, Alon and Naor IIAN06II use the inequality, 
together with the observation mentioned above that one side of it can be efficiently computed, to 
obtain a constant-factor approximation algorithm for the problem of computing the cut-norm of a 
matrix. 
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1.1 Our results 



As described above, XOR games are quite well understood, an understanding to a large extent due 
to their elegant connection to semidefinite programming and Grothendieck's inequality. Unfortu- 
nately, their simple structure also means that the kind of behaviors they can exhibit are somewhat 
limited. For instance, as mentioned above, entanglement can only provide a relatively modest 
advantage over unentangled strategies. Moreover, one can always achieve the optimum winning 
probability using a maximally entangled state of relatively small dimension. 

A considerable amount of work in rece nt years has tried to identify games that exhibit a 
richer behavior (e.g., IILTW081 IKRTIOI [jPlTl |JPF+10| iPVTOl iBRSdWlTl [Regfzj ). However, with 
the exception of the more recent | CJPP11[ , which we discuss in more detail below (and per- 
haps IKRTIOII ), most of these papers focus on the analysis of specific games, for which results 
such as large quantum-classical gaps are reported. Indeed, at this point we only have few tools 
(e.g., LDLTW OSn that cut across large families of games and would enable one to prove general 
structural results. 



Quantum XOR games. In this paper we extend the framework of XOR games by allowing the 
referee's questions to the players to be quantum states. In a quantum XOR game — so named to 
differentiate them from the classical XOR games discussed above — the referee first chooses an 
index i according to a public distribution 71, based on which he prepares a bipartite state pi (whose 
description is also public). He sends one half of to the first player, and the other half to the other 
player. As in a classical XOR game, the players are required to reply with a single classical bit 
each, and the referee is restricted to base his accept/ reject decision solely on the parity of the two 
bits he receives as answers. 

By considering the states ps,t = \s){s \ (Si \ one immediately sees that quantum XOR games 
contain classical XOR games as a special case. Our results demonstrate that quantum XOR games 
are a fruitful generalization in two complementary ways. First, by providing examples of games 
exhibiting properties of entanglement that could not be observed in the context of classical XOR 
games, we show that quantum XOR games are a richer model. Second, we show that, in spite of 
this greater generality, quantum XOR games remain a tractable model. In particular, we give an 
efficient approximation algorithm for the players' maximum success probability, something that 
is known to exist only in a handful of other settings IICHTW04llKRT10ll — none of which is known 
to be as rich as that of quantum XOR games. These two aspects, we believe, make quantum XOR 
games a very attractive class of games to study. 



A first example: the family (T„). For any n > 1, let T„ be the quantum XOR game in which the 
players are sent either of the two states 

l^Po) = ^|0)|0) + and |t/.i) = ^|0)|0) 

each chosen with probability 1/2 by the referee, and are asked to produce answers with even 
parity in case the state is |i/?o)/ and odd parity in case it is \'ip\)- Even though the two states are 
orthogonal, it is not a priori clear how well the players can perform in this game: can |i/7o) and 
I ) be locally distinguished? Interestingly, the answer to this question crucially depends on the 
resources allowed for the players. The maximum bias achievable by players who do not share any 



3 



entanglement is exactly co{Tn) = 1/ \/n. In fact, even players allowed to share an arbitrary supply 
of EPR pairs cannot do better: Ol>'"'^{T„) = l/\/n. Surprisingly, in case the players have access to 
an unrestricted amount of entanglement, we have co*{Tn) = 1: an unbounded advantage over the 
unentangled case. This is in stark contrast with the setting of classical XOR games, for which, as we 
already saw earlier, entangled players can only achieve a bounded advantage over unentangled 
players. Finally, we will also show that the optimal bias a;*(T„) = 1 can only be achieved in the 
limit of infinite entanglement, whereas for any classical XOR game there is an optimal strategy 
using an entangled state of bounded dimension depending only on the size of the game. 

Algorithms. The example of the games {T„) as well as further examples below demonstrate the 
richness of the model of quantum XOR games. Remarkably, despite encompassing such a wide 
variety of behaviors, quantum XOR games remain a tractable model, as is demonstrated by our 
main theorem. 

Theorem 1.1. There exists a polynomial-time algorithm which, given as input an explicit description of a 
quantum XOR game G, outputs two numbers cl>"'^{G) and lo''^{G) such that 

w{G) < co"''{G) < cv"'{G) < 2V2cv{G) and cv*{G) < cv"'{G) < 2co*{G). (1) 

Thus, despite the fact that the entangled bias and the unentangled bias can differ greatly, both 
have nontrivial efficient approximations. We are not aware of any other model with this property. 
Moreover, both o;"'^ and co"'^ are expressible as the optimum of a polynomial-sized semidefinite 
program. This property might aid in finding games that exhibit large separations between en- 
tangled and unentangled biases, say for the purposes of experimental demonstrations: given a 
candidate game G, run the algorithm above to approximate the gap between the two biases. We 
note that in addition to outputting the numerical values, the algorithm can also output descrip- 
tions of strategies satisfying the last inequality in each chain of inequalities. For details, see the 
formal statement of the main theorem in Theorems I4.11l and l4.19[ 

We emphasize that as is often the case, the existence of an efficient algorithm for a non-trivial 
problem allows one to derive surprising non-algorithmic conclusions. For instance, as an imme- 
diate corollary of the first sequence of inequalities stated in the theorem we obtain that, for any 
quantum XOR game G, a;'"^(G) < 2\/2a;(G): maximally entangled states only provide a bounded 
advantage over no entanglement at all. This in contrast with the general entangled case: the fam- 
ily {T„) shows that in general co*{G) can be arbitrarily larger than (X>{G). Hence in this setting 
maximally entangled states can be arbitrarily far from an optimal resource. Such a behavior was 
known before for specific games [JPll , Regl2| but not for such a wide family of games. Another 
easy corollary (using the formal statement in Theorem 14. 1 1 1 and the remark after Definition 14. 15|) 
is that there is always an entangled strategy using just one EPR pair that achieves bias a;""'(G) /2, 
which is slightly better than the bias a;""'(G) / (2\/2) we know can be achieved using no entangle- 
ment at all. Regarding the second sequence of inequalities in as a by-product of their proof we 
obtain that for any fixed £, there is an entangled strategy achieving bias that is at least 1 / (2 + £) of 
the optimum, and using only O(logn) qubits of entanglement, where n is the dimension of each 
player's question. (See Theorem 14. 191 for details.) We do not know how to prove any of the facts 
mentioned above without going through the a priori unrelated quantities co"'^ and o;"^. 

Techniques: Grothendieck inequalities. Our main result, Theorem ll.il is proved by establish- 
ing a strong connection between quantum XOR games and two deep extensions of Grothendieck's 
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inequality. The first extension, which is used to prove the first sequence of inequalities surround- 
ing cv"'^, is known as the non-commutative Grothendieck inequality. The inequality, already conjec- 
tured by Grothendieck IIGro53 i. was proved by Pisier IPis78j and then in a more general form by 
Haagerup IHaaSSI . The second one, which is used to prove the second sequence of inequalities 
surrounding co"'^, is known as the operator space Grothendieck inequality and was proved by Pisier 
and Shlyakhtenko iFSOlll and by Haagerup and Musat rHMO SlH 

Most of the effort in establishing our main theorem goes into interpreting these Grothendieck 
inequalities as statements relating biases (unentangled bias in the former case, and entangled bias 
in the latter) to semidefinite programs {co"'^ in the former case, and co"^ in the latter case), for 
which efficient algorithms are known. Our results give the first application of these inequalities 
to quantum information theory]^ Much of the mathematical literature in this area can be intim- 
idating at first (a good starting point is a recent survey by Pisier [Pisl2J), and we hope that our 
self-contained presentation will contribute to promoting those inequalities as powerful tools in 
complexity theory and quantum information theory, and will lead to further applications. 

Families of quantum XOR games. Our second main contribution consists in introducing and 
analyzing in detail two specific families of quantum XOR games. These families simultaneously 
demonstrate the flexibility of the model of quantum XOR games and illustrate the inequalities in 
Theorem ll.il 

The first family is the family of games (T„) already mentioned above@ This family demon- 
strates the possibility of obtaining an unbounded gap between the entangled and unentangled 
settings, implying in particular that the two sequences of inequalities in ^ cannot be merged into 
a single one. The next theorem summarizes the properties of this family. (The definition of co^ 
will be given later.) 

Theorem 1.2. Let n> 1. Then 
and 

cv*{Tn) = a;-(T„) = 1. 

Moreover, the perfect winning probability co*{T„) = 1 is only achieved in the limit of infinite entanglement: 
for any fixed n > 2, players sharing an arbitrary finite-dimensional state cannot win the game T„ with 
certainty. 

The two sequences of equalities are proven by direct calculation. As a result, we determine 
optimal strategies both in the unentangled and entangled cases. These strategies are relatively 
simple and low-dimensional, and for moderate values of n the game T„ may provide a good 

^See also IRV12I for a recent alternative proof inspired by quantum information theory, and more specifically the 
role played by the embezzlement state in the analysis of the entangled bias of the family (T„). 

^See however "related work" below for a discussion of concurrent work by Cooney et al. |CJPP1H , who indepen- 
dently found another application of the operator space Grothendieck inequality. 

*This family of games was suggested to us by David Perez-Garda iPGllI , and can be seen to correspond to a certain 
natural map in operator space theory, namely the identity map id : Rn — > Cn, where R„ is the "row" operator space 
and C„ the "column" operator space. Some of its properties mentioned below are related to the fact that it has norm 1 
but "completely bounded" norm ^/n. 
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candidate for the experimental demonstration of the nonlocaHty of entanglement. The moreover 
part of the theorem is proved by observing that the games r„ are closely related to the "coherent 
state exchange" game introduced in [LTW08J. 

In analogy with the classical setting, and in light of the above theorem, one may expect that 
the inequalities a;""'(G) < co"'^{G) and co*{G) < co"^{G) in (HJ should, in fact, be equalities]! 
Nevertheless, our second family of games, the games (H„), whose properties are summarized in 
the following theorem, shows that equalities do not hold in general: there are games for which co"^ 
is strictly greater than co*, and also co'"^ is strictly greater than a;'"^. 

Theorem 1.3. There exists a family of games (H„) /or which the following hold: 

I = a;(Hi) = a;C(Hi) < co"''{Hi) < a;*(Hi) < cv"'{Hi) = co"'{Hi) = I 
5 5 

and for alln > 1 

2n + 1 

This family of games is related to the CAR algebra. Up to an unimportant scaling, the game Hi 
which plays a particularly important role above can be described concretely as follows. The referee 
first picks two distinct integers j < k G {1,2,3} uniformly at random. He then sends one of the 
two states (1/) again uniformly at random, to each player (so each of the four possible 

combinations arises with probability 1/4). The referee accepts the players' answers fl, & G {0, 1} if 
and only if a © b = 1 in case they were both sent "+", or both "— ", states, and fl © = otherwise. 
We note that this family already appears in the literature, albeit in the language of operator spaces. 
It first appeared in [Ble88J, and was later investigated in depth by Haagerup and Itoh [HI95J, who 
already proved many of the statements in the above theorem. Our main contribution here is the 
bound a;*(Hi) < 3/5, which improves on the weaker bound a;""^(Hi) < 3/5 already appearing 
in IIHI95I . Moreover, their proof is based on the use of ultrafilters, and as such is non-explicit and 
relies on the axiom of choice; in contrast, our proof is more direct and quantitative. 

Finally, we briefly note that another interesting family of games, the games (C„), was intro- 
duced in |CJPP11[ Section 5] to show that the entangled bias of rank-one quantum games (see Sec- 
tion ll.2l below and Section lSJj for more details) does not obey a strong parallel repetition theorem. 
Translated to a quantum XOR game, C„ essentially corresponds to the following game. The ref- 
eree chooses a random integer k G {1, . . . ,n}, and sends one of the two states {\0,k) ± \k,0))/\/2, 
each chosen with probability 1/2, to the players. They should produce answers with even parity 
in case they were sent a "+" state, and odd in case it was a"—" state. Although we will not prove 
them here, the following equalities either follow from the results of [QPFll Section 5], or can be 
given a direct proof: 

1 1 

cli(C„) = co'"^(Cn) = — and co(C„®Cn) > —■ 
n 2n 

The values of cv"" (Cn) , cv"' {C„) and cv*{C n) can be deduced automatically from the equalities 
above using the inequalities in Theorem ll.il This family of examples (for n > 2) shows that none 
of the quantities we introduce for quantum XOR games satisfies a perfect parallel repetition the- 
orem. This is perhaps somewhat surprising since classical XOR games do satisfy perfect parallel 
repetition HCSUUOSII . 

^Since quantum XOR games generalize classical XOR games, we know that the inequality w(G) < a;"'^(G) is not 
always an equality. 
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1.2 Related work 



The model of two-player games in general, and its quantum information aspects in particular, 
have been widely studied in the past and we will not attempt to give a comprehensive survey, 
instead only focusing on the results most closely related to ours. Recently Buscemi IIBusl2l| con- 
sidered a model he calls "semi-quantum games", in which the players are sent arbitrary quantum 
states as questions, and their answers are arbitrary classical strings (hence semi-quantum games 
contain quantum XOR games as a subclass). He establishes an interesting connection between 
such games and the task of transforming one state into another using local operations and shared 
randomness (LOSR): such a task is possible if and only if players sharing the former state can 
always obtain an expected payoff that is at least as high as players sharing the latter, in any semi- 
quantum game. 

Quantum XOR games can also be interpreted as a particular formalization of a local distin- 
guishing task: indeed, any quantum XOR game can be thought of as a game in which the players 
are given one of two density matrices, and are asked to produce bits with even or odd parity 
depending on which state they were given. With the notable exception of IIBusl2| , much of the 
literature in this area is concerned with LOCC (local operations and classical communication) dis- 
tinguishability (see, e.g., I.BDF+991 IWatOSl [CLM012II ). and thus does not seem directly related to 
our results. 

Recently, Cooney et al. | CJFPll] introduced another model of two-player games which they 
call rank-one quantum games, in which, informally speaking, the players are sent parts of a pure state 
prepared by the referee, and are supposed to convert it to another pure state. One of their main 
interests is in approximating the maximum success probability of arbitrary entangled players in 
their model, which they do using the operator space Grothendieck inequality, just as we do for 
our model. In fact, this is not a coincidence, since as we describe in Section IKTl there is an explicit 
connection between the two models. See also that section for more details on their model. The rest 
of their paper focuses on other questions not considered by us, such as that of parallel repetition. 
Most of our work was mainly done independently and concurrently to theirs, although we did 
benefit from communicating with them about their work, and we thank them for sharing it with 
us at early stages. 



1.3 Directions for future work 

Our work leaves many questions open; we list just a few that we think are interesting and would 
deserve further exploration. 



Gaps between the biases. Among the bounds that we proved between the different biases asso- 
ciated to a quantum XOR game, there are two that we do not know to be tight. First, we showed 
that a;"*^ is at most a 2^2 factor larger than the unentangled bias u), but we only know of a factor 2 
separation, which follows from the family of games (H„). Second, we showed that <jJ°^ is at most 
a factor 2 greater than the entangled bias oj* , but the best separation we can prove between the 
two is the one in Theorem ll.3[ which is of a constant factor very close to 1. Can that separation be 
improved? 

A related question is to study the gaps between the quantities o;'"^ and co"^ that we introduce 
and the corresponding biases co or o?""^ and co* in the regime where their value is close to 1. In the 
case of classical XOR games it is known IICHTW04| that if the entangled bias is at least 1 — £ then 
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the unentangled bias is at least 1 — 0{\/e). Could a similar result be shown between o;"'^ and co*, 
or between co"'^ and co or co"^'^? (The example of the game T„ shows that this does not hold of the 
entangled and unentangled, or even maximally entangled, biases.) 

Finally, it would be interesting to determine the maximum ratio achievable between, say, the 
entangled and unentangled biases of a given game, as a function of the size of the game or of the 
dimension of the entangled state used by the players in the entangled strategy. Such bounds are 
already known for three-player classical XOR games IPWP+08uBV12l and two-player games with 
arbitrary answer size |JP11[ . 

Hardness results. Results of Hastad flHas01| on classical XOR games imply that their unentan- 
gled bias, and by extension the unentangled bias of quantum XOR games, is NP-hard to approx- 
imate within small constant factors. What about the entangled bias? For classical XOR games it 
follows from Tsirelson's results that it can be computed efficiently. For quantum XOR games, the 
quantity o;"^ gives a factor 2 approximation. Is there a better efficiently computable approxima- 
tion, or can one perhaps show that the entangled bias is hard to approximate (possibly assuming 
the Unique Games conjecture IKhoOZB I? 

Combinatorial applications. The commutative Grothendieck inequality has been successfully 
used to devise constant-factor approximation algorithms for combinatorial problems such as com- 
puting the cut-norm of a matrix [AN06J. Could the non-commutative generalizations lead to new 
approximation algorithms for combinatorial problems, possibly by interpreting them as quantum 
XOR games? See IINRV12| for some recent work in this direction. 

Acknowledgments. We are grateful to David Perez-Garcia for suggesting the family of games 
(r„). We also thank him and Carlos Palazuelos for many useful discussions. 

2 Preliminaries 

Notation. For an integer n, we use the notation [n] to denote the set {1, . . . , n}. For x G R we let 

sign(x) = x/\x\ if z 7^ 0, and sign (0) = l.lfx = (xi) E R" or C", we let ||a:||oo := max,g[„] For 
vectors x,y G C" we define their inner product {x,y) = and the norm ||x|| = (x,x)^^^. 

Matrices and norms. A calligraphic letter TLa, 'Hb will always denote a finite dimensional Hilbert 
space. L {T-La,T^b) is the set of linear operators from'H^ ^oT-Lb, and L {T-La) = L {T-La>T^a)- H{'Ha) 
is the set of Hermitian operators on T-La, and Obs ("Ha) is the set of observables, i.e., Hermitian 
matrices whose eigenvalues are in { — 1, 1}. We use M„(K) to denote n x n matrices over a field K, 
and M„ = M„(C). For A G L {T-La) we let || A||oo be its operator norm (i.e., largest singular value) 
and II A 111 := TrvA+A its Schatten 1-norm. 

3 A review of classical XOR games 

In this section we review some definitions and results on two-player classical XOR games. Al- 
though most of them already appear in the paper by Cleve et al. IICHTW04I , our presentation is 
slightly different and is meant to ease the comparison with the case of quantum XOR games. 
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A classical XOR game G of size n is specified by real coefficients R = {Rs,t)s,tG[n] satisfying 
the normalization condition J^^t^i \^s,t\ = 1- The game is played as follows. The referee picks 
a pair of integers {s,t) S [n]^ according to the distribution {7r(s, f) = |Rs,f|}/ and sends s to the 
first player, Alice and t to the second player. Bob. Upon receiving their respective questions, the 
players each answer with a single bit a,b G {0, 1}. The referee accepts the players' answers if and 
only if (—1)"®^ = sign(Rs,t). Notice that players sending random answers will be accepted with 
probability 1/2 in G. The bias co{G) of G, defined as twice the difference between the maximum 
success probability of any players and the success probability of the random strategy (which is 
1 /2 in this case), can then be formally expressed as 



co{G) = co{R{G)) := max J^Rs,tXsyt 



s,t 



(2) 



Note that the maximum on the right-hand side may be equivalently taken over all y G R" such 
that ||x||oo, \\y\\co < 1 (instead of over all x,y ^ 1}")- the maximum will always be attained at 
an extreme point. 

Example 3.1 (The CHSH game). The CHSH game is a simple XOR game derived from the famous 
Bell inequality originally introduced by Clause, Horne, Shimony and Holt |ICHSH69I . It is a game 
of size 2 with coefficients 

„ 1 „ 1 1 „ 1 

Rll = ^, ^12=4' ^21 = ^. R22 = -^. 

It is not hard to verify that for this game the bias is a;(CHSH) = 1/2. 

For any (possibly complex) R, we also consider the complex bias, a quantity we will denote 
co'^{R) and define as 

cv^(R) := max Y^RsfXsVf- (3) 

Xs,y,GC,\xs\,\yt\<l ^' 

Informally speaking, this can be thought of as allowing the players to respond not just with bits in 
{ — 1, 1} but rather with any complex number on the unit circle. The complex bias can sometimes 
be larger than the bias, even for real coefficients R. The following example shows that it can be a 
factor \f7. larger, and in Claim |47| in the next section we will show that a result of Krivine [Kri79[ 
implies that the inequality Lxf- (R) < \f7.<X){K) holds for any real R. 



Example 3.2 (CHSH, complex bias). The CHSH game satisfies a;'-'(CHSH) = \/2/2. To show 
that the complex bias is at least ^2/2, it suffices to use the modulus-1 complex numbers Xi = 
(1 + i)/^, X2 = (1 - i)/V2, yi = 1 and 1/2 = — / in the right-hand side of Q. The fact that 
o;"^ (CHSH) < ^/2/2 will follow from the bound on a;'''P(CHSH) derived in Example Elbelow. 

The maximization on the right-hand side of (|2]| is a quadratic optimization problem. Given an 
XOR game G the problem of computing, or even approximating within a small constant factor, the 
quantity co{G) was shown NP-hard by Hastad IIHas01[ . However, oo^G) may be bounded from 
above by the following natural relaxation of (|2]): 

w{G) < a;C(R(G)) < cv''^{R{G)) := sup Y.^sA^s,yt) , (4) 

d,Xe,yt^O^ s,t 
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where now the supremum is taken over all dimensions d and vectors Xs,yt G C with Euclidean 
norm at most The complex conjugation of in (|4]) is somewhat unusual, but we introduce it for 
convenience and consistency with the rest of the paper; it clearly does not affect the optimization 
problem. 

The fact that this is a relaxation (i.e., the second inequality above) follows since a number of 
modulus at most 1 is also a one-dimensional vector of norm at most 1. Moreover, it is easy to verify 
that the supremum above is a semidefinite program, and as such can be computed up to precision 
e in time poly(n, logl/e). In more detail, multiplying all Xg by a complex phase if necessary, the 
absolute values on the right-hand side of (H)) can be replaced by the real part without changing the 
supremum. The resulting expression can be written as the maximization of a linear function of the 
inner products {Xs,yt), under constraints bearing on the inner products {xs,Xs) and Such 
an optimization problem can then be formulated as a real semidefinite program using standard 
techniques (see Section 4.6.2 in IBV04II for generalities on semidefinite programs, and Exercise 4.42 
in particular for dealing with complex vectors). 

Example 3.3 (CHSH, bias of semidefinite relaxation). For the CHSH game we have 0;^**^ (CHSH) = 
^2/ 2. Indeed, a lower bound of \/2/ 2 follows from the lower bound on the complex bias proved 
in Example 13.21 A matching upper boimd can be shown as follows: for any choice of unit vectors 
Xi,X2,yi and 1/2, 

1 _ _ _ I 1 1 

^K^l'^l) + (^2,1/1) + {Xl,y2) - {X2,y2)\ = -\{Xi + X2,yi) + {Xi-X2,y2)\ 

< ^(||X1+X2|| + ||X1-X2||) 

/ ^2/ 2 , II l|2\l/2 / 

< ^(lFi + ^2ir + lki-x2ir) < 

How good is the approximation of a;(G) by oo^'^P{G)? Example 13.31 above shows that co^'^P{G) 
can be at least a factor Vl larger than co{G). As it turns out, this is not far from the worst that 
can happen: the relaxation (H) is always at most a small constant factor larger than cv{G). This 
is essentially the essence of Grothendieck's inequality [Gro53J. We will discuss that inequality 
further in Section [6l in the present context, it directly implies the following. 

Theorem 3.4. Let n be any integer and R = {Rs,t)s,tG[n] ^^<^^ coefficients. Then 

co{R) < cv'^^^R) < K^co{R), 

where is the so-called real Grothendieck constant which is known to satisfy < 1.782 . . . fiKri77\ 
IBMMNlI? . Moreover, for any R with complex coefficients, 

to^{R) < co'^PiR) < K^cv^{R), 

where Kq < 1.405 . . . ^Haa871 is the complex Grothendieck constant. 

Ht is not hard to see that in the case of real coefficients R, the supremum in ^ can equivalently be taken over real 
vectors Xs,yt 6 IR"^. 
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Next, we consider the case in which players are allowed to share an arbitrary state |Y), leading 
to the definition of the entangled bias, 



co*{G) = to*{R{G)) := sup ^^A'^'l^s Bt\l') 

d,As,B,,\Y) s,t 



(5) 



where here the supremum is taken over all dimensions d, sequences of matrices As, Bt ^ H (C*) of 
operator norm at most 1, and states |Y) G C^. By linearity, the supremum could equivalently 
be taken over all As, Bt G Obs (C*) without changing its value. 

Example 3.5 (CHSH, entangled bias). The entangled bias for the CHSH game satisfies cv* (CHSH) = 
V2/2. Indeed, one can first verify that the following strategy for the players achieves a bias of 
\/2/ 2: Alice and Bob share a single EPR pair |Y) = (|00) + \11))/V2. Upon receiving her ques- 
tion s, Alice measures either in the computational (s = 1) or the Hadamard (s = 2) basis. Bob 
measures in the computational basis rotated by either n/8 {t = 1) or 3n/8 [t = 2). Moreover, the 
bound a;^'^P(CHSH) < V2/2 given in Example I3.3[ together with Lemma l3^ belo w, which shows 
that co^'^P is always an upper bound on to*, imply that this is best possible. 



While a priori bounds on the entangled bias (i.e., Tsirelson inequalities) may not be easy to 
obtain (indeed, the supremum on the right-hand side of (O extends to spaces of arbitrary dimen- 
sion), Tsirelson showed that, somewhat surprisingly, the relaxation (|4]) is also a relaxation of the 
entangled bias. We include the short proof, as we will later extend it to the setting of quantum 
XOR games. 

Lemma 3.6 (Tsirelson IITsi87ll ). For any real R, 

co*{R) < cv'^P{R). 

Proof. Let (Xg, Yf, | Y) ), where Xs, Yt G Obs (C^) and | Y) G ^ is a unit vector, be an arbitrary 
strategy for the players. Up to a local rotation of Alice's and Bob's private spaces we may write 
the Schmidt decomposition |Y) = X!if=i -^/iO 10' that the bias achieved by this strategy is 

Y2Rs,tE^iMi\^s\i)m\i). 

s,t i,j 

For any s, t we have that ^i^jiA^s]]) {A'^t\i) = (^s,yt) where x, and yt are the -dimensional 
vectors given by 

Xs := (A,(i|X,|;))^.^. and yt := (Ay(/|Yf |;)) . .. 

The vector Xg consists of the d'^ entries of Xs after weighing row / by A,; similarly yt consists of 
the entries of Yf, where this time we weigh the column / by Ay. Note that the particular weighing 
scheme we chose is arbitrary, and we could also have decided to weigh the columns of X, and 
the rows of Yf . The important point is that, since an observable has all of its rows and columns of 
norm 1, both Xs and yt have norm 1. Hence the collection {xs,yt} constitutes a feasible solution to 
the right-hand side of proving a;^'*''(R) > oj* (R). □ 
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In fact, Tsirelson showed more: for any XOR game G, with coefficients R, the quantities co*{R) 
and Cl!^'^P{R) are equal! That is, the relaxation of the unentangled bias that we introduced in (H)) 
exactly corresponds to the maximum bias achievable using arbitrary entangled strategies. More- 
over, Tsirelson showed that the optimum bias is always achievable using a particular state, the 
maximally entangled state 

lYD := -^tm)- 

Denoting co'"'^{R) the largest bias achievable by players who are restricted to using entanglement 
of the form |Y""^) (we will leave the dimension subscript d implicit whenever it is unrestricted), 
we have the following. 

Proposition 3.7 (Tsirelson). For any real R, the following inequalities hold 

cv{R) < co"''{R) = co*{R) = co'^P{R) <K^co{R). 

In addition, Tsirelson llTsi87l Lemma 3.1] showed that the optimal bias a;* (R) could be achieved 
using a maximally entangled state of dimension at most iP^^) , where n is the size of the game. 
We refer the reader to IISlollll for additional results on the amount of entanglement required to 
play XOR games (near-)optimally. 

4 Quantum XOR games 

In this section we formally introduce quantum XOR games and prove our main theorem, Theo- 
rem ll.lj together with the extensions that were discussed in the introduction. We start by defining 
quantum XOR games in Section I4.1[ and state several equivalent operational interpretations of 
the definition. In Section [42l we introduce the unentangled bias oj, the complex bias uf- , and the 
relaxation o;"*^ and prove inequalities relating them (see Theorem I4.11|l . In Section [431 we intro- 
duce the entangled bias w* , the maximally entangled bias oo^'^ , and the relaxation o;"^, and prove 
inequalities relating them (see Lemma r4.16l and Theorem l4.19|) . 

4.1 Definitions 

We first give the mathematical definition of quantum XOR games and of strategies that we will 
be working with throughout the paper. After stating the definition we discuss different possible 
operational interpretations of quantum XOR games, all of which are captured by our definition. 

Definition 4.1. A quantum XOR game G of size n is specified by a Hermitian matrix M = M(G) G 
H(C"(XiC") such that \\M\\i < 1. A strategy for the players in G is given by a pair of observables 
A G Obs (C" (8) T-La), B £ Obs (C" (8) "Hb), where 'Ha,'Hb are finite-dimensional Hilbert spaces, and a 
state |Y) G T-La ^ T^b- The bias achieved by the strategy {A, B, |Y)) in G is 

a;(A,B,|Y);G) := (Y|Trcw ((A ^ B) (M ^ Id^^^^J) |Y) 

= Tr((A(8B) (M(g) |Y)(Y|)). (6) 
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We first observe that with this definition quantum XOR games are clearly a generalization of 
classical XOR games: if G is a classical XOR game of size n with coefficients (Rs,t)/ then one can 
obtain an equivalent quantum XOR game G' by introducing the n^-dimensional diagonal matrix 

= Ls,t^s,t|s)(s| ® which satisfies ||M||i = Y,s,i \^s,t\ = 1- Moreover, it is not hard to 

check that, givenany strategy ((As), (Bt), |Y)) for the players in G, its bias equals a;(A, B, |Y);G'), 
where A (resp. B) is the block-diagonal matrix with blocks the Ag (resp. Bt). Conversely, any 
strategy ( A, B, | Y) ) in G' can be mapped to a strategy for the players in G achieving the same bias 
by letting Ag (resp. Bt) be the diagonal blocks of A (resp. B), which are Hermitian of norm at 
most 1. 

Operational interpretations. Consider the actions of an arbitrary referee. First, he initializes 
the message registers and his private register, described by some Hilbert space V, in an arbitrary 
state, which we can assume without loss of generality to be a pure state \^init) G C" C" (8) V. 
He then sends each message register to the corresponding player. The players apply arbitrary 
observables A = A^ — A^, B = — on their message and their own private spaces, initialized 
in an arbitrary state They return the outcomes a,h of their measurements to the referee, 
who then measures his private register using either the binary measurement {ITq'^'^, Id — ITq'^'^} or 
{n"'^'^,Id — n^'^'^}, depending on the parity a®h. If he obtains the outcome "acc" he accepts, and 
otherwise he rejects. The success probability of the strategy {A, B, |Y)) is 

{Y\{0init\{{A° ® bO + O B^) ® n"o'' + {A° ® B^ + ® B°) ® Tlf')\W)\^Mt) 

= ^(^m;didc"®c" <^ (nr + Tirm„it) + ^(Y|(o„,,|(A ^ B) ® (nr - nr)|Y)|<E),-„„) 

= ^(^m/dldc"®c» ^ (nr + nr)|0,„,) + ^Tr{{A ^ B) (M^ |Y)(Y|)), (7) 
where we define 

M := Trv((Idc«®c"® (nr-nD) (cD,-„,,|). 

Notice that if the players output random uniform bits, then their success probability is given by 
the first term in and therefore, the bias 6t;(A, B, |Y); G) as defined in ^ corresponds exactly 
to twice the advantage of players using the strategy {A, B, |Y)) in G over players applying the 
random strategy. 



Example 4.2 (Matrix associated to the family of games (T^)). The matrix M associated to the game 
T„, defined in Section [LTI is 

M{Tn) = \{m{ipo\-\ipi){tpi\) 

= ^(E|00)(n| + |n)(00|). 

Conversely, we show that to any Hermitian M satisfying ||M||i < 1 may be associated a quan- 
tum XOR game in which the players' bias is given by Indeed, for any such M we may write 
the spectral decomposition M = Ej(~l)'^'P/|^!) (^/I' where the p, are non-negative and sum to 
||M||i. It is then easy to check that M is associated to the following game by the transformation 
described above. The referee first selects an i G [n^] with probability pi, and rejects outright with 
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probability 1 — J^, p,. Provided this last option did not happen, he prepares the n^-dimensional 
state G C" (S> C" corresponding to the index i he obtained, and sends one register of |^, ) to 
each player. The referee accepts answers {a, b) if and only ii a (B b = Ci. Note that the states sent by 
the referee in this game are all orthogonal, hence can be perfectly distinguished globally. Alterna- 
tively, we could also decompose M as M = poPo — PiPi with po + Pi = ll^lli/ arid then have the 
referee send one of two possible density matrices to the players. 

Up to a multiplicative scaling of the bias, one may even turn any M into a quantum XOR game 
G in which the referee always sends (not necessarily orthogonal) product states to the players. To 
see this, let {H, } G H (C") be a basis of the space of n-dimensional Hermitian matrices normalized 
to have ||Hj||i = 1 for each i. Decompose M in the tensor product basis {H, (g) Hy} as M = 
X^,- y Hi (S) Hj for some m,- ^ G R. By applying an appropriate scaling (which will affect the 
bias correspondingly) we may reduce to the case in which ||M||i < l^;,/! = 1- The resulting 
game can be described as follows. The referee first selects a pair of indices (/,/) according to 
the distribution and then plays the quantum XOR game described by sign(m, y)H, (8) Hj, 

whose eigenvectors are all product states. 

4.2 The unentangled bias 

In this section we introduce the unentangled bias cv{G) := a;(M(G)) of a quantum XOR game G 
of size n, which is the maximum bias achievable by players who do not have any shared entan- 
glement. Formally, by Definition 14. 1 1 specialized to the case of empty private spaces 7iA,T^B, we 
obtain the following. 

Definition 4.3. Let n be an integer and M G H (C" ® C"). The unentangled bias o/M, denoted co{M), 
is defined as 

cv{M) := sup |Tr((A® B)M)|. (8) 

AgH(C"),-BgH(C«) 

||A||cc,||B||oo<l 

The supremum in ((H)) is taken over all Hermitian operators A, B acting directly on the players' 
respective message spaces. We note that by linearity, the supremum will always be achieved by 
A, B which have all their eigenvalues in {±1}, i.e., observables. 

One might argue that the above definition is too strict, and we should allow the players to 
have their own private auxiliary space, initialized in the state |0) . The following claim shows that 
this does not affect the definition of the unentangled bias. 

Claim 4.4. Lef M G H (C" O C"). Then 

a;(M) = sup |(0|w^(0|«,Trcw((A ® B) (M® Id^^«^J)|0)^JO)wJ, (9) 

■HA,nB, AeObs(C"(g>HA), 
BGObs(C«C5)^B) 

where the supremum is taken over all finite-dimensional Hilbert spaces T-La,T-Lb- 

Proof. The < direction is clear. For the other direction, consider for any A G Obs (C" ® Ha) the 
matrix A' = (Id ® (0|^^)A(Id (g) |0)^^) and similarly for B. Then A' and B' are Hermitian with 
norm at most 1, and achieve the same bias. □ 
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Example 4.5 (Unentangled bias of the games (T„) (1)). The maximum bias achievable in the game 
r„ satisfies co{Tn) > 1/ (and in particular a>(Ti) = 1), as is demonstrated by the following 
strategy for the players. (In fact, the bias is exactly 1/ ^/n: we will prove a matching upper bound 
<^{Tn) < 1 / \/n in Example |4.9l below.) The players each measure their respective message register 
in a basis containing the two orthogonal vectors 

If they obtain the outcome \no) (resp. [tti)) then they answer (resp. 1); otherwise they output a 
random bit. Let Q = | ttq ) ( ttq | — | tti ) ( tti | . The bias achieved by this strategy is 

= ;^Ke (e(0|Q|,)^) 

^ 7^ (S (t^) ) ^ 7^' 

It will sometimes be convenient to relax the condition that the operators A, B in lO are Hermi- 
tian, and allow them to be arbitrary norm-1 operators A G L (C") , B G L (C). This is analogous 
to the relaxation of the bias into the complex bias that we already introduced in the case of classical 
XOR games in the previous section. Formally, we define the complex bias of any Mg L(C"(8'C") 
as follows 

Definition 4.6. Let n be an integer and M G L (C" (8) C"). The complex bias of M, cv^{M), is defined 
as 

co^{M) := sup |Tr((A^B)M)|. (10) 

A,BgL(C«), ||A|U<l,||B||c»<l 

The following claim shows that to^{M) is never more than a factor \/2 larger than the unen- 
tangled bias co{M); the fact that such a gap can be achieved already follows from Example 13.21 

Claim 4.7. LetMeH (C O C"). Then it holds that 

cv{M) < cv^{M) < V2cv{M). 

Proof. The first inequality is clear. To prove the second, let A, B G L (C" ) achieve the supremum 
in ([TOl ). By convexity, we can assume without loss of generality that A, B are extreme points of 
the set of all operators of norm at most 1; hence all their singular values must be 1, i.e., they are 
unitary. We may thus decompose 

A = J2Ai\ui){ui\ and B = 

i i 

^Although quantum XOR games only give rise to Hermitian matrices M, the quantities cv'^, as well as w"'^ and a;"'' 
defined later, are meaningful for all M and so we give their definitions in the general case. 
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where the A, and jii are complex with modulus 1. The complex bias is therv 

co^{M) = \j^{{{ui\^{vj\)M{\ui)^\vj)))Amj 

By multiplying all A, by a complex phase we can assume that the expression inside the abso- 
lute value is a non-negative real. For each i define the two-dimensional real unit vectors A, = 
(Re(A,),Im(A,))^ and = (Re(;^,), — Im(f/,))^, and notice that (A,, ^y) = Re(A,f<y). Since M is 
Hermitian, for every i,j the coefficient ((m,| (S) {vj\)M{\ui) (S) is real, and so we have 



a; 



-(M) = X:((("/|^(t^;|)M(|M,-)^|z;y)))(4/7;). 



Using Krivine's |Kri79ll result that the two-dimensional Grothendieck constant i<^^(2) is \/2, we 
obtain that there exist numbers x„yy G { — 1, 1} such that 

X] ® {vj\)M{\ui) ^ \vj))) Xiyj > cv^{M)/V2. 

We can therefore complete the proof by using in ^ the observables 

A' := Y^Xi\ui) {uj\ and B' := Y^yi\vi) {vi\. □ 

Next, we introduce the relaxation cv"'^. We start with some notation. Given a Hilbert space 
T-La and an integer d we denote by Mat^ [T-La) the complex vector space of all sequences of d 
matrices Ai, . . . , S L [T-La)', given such a sequence we will use the notation A := (Ai, . . . , A^^) 
to represent it. This notation emphasizes the fact that A can be thought of both as a sequence of 
matrices, or as the vector-valued matrix whose {i,j)th entry is the vector ((Ai),y, . . . , (Arf),^) G 

C*. Given two vector-valued matrices A = {Ai, ...,A^) G Mat^ [Ua) and B = (Bi, . . . , B^) ^ 
Mat^i ("Hb)/ we define their tensor product "0" as the complex-valued matrix 

d 

AQB := ^A,0B, 

= {(A~,,Bj,i))^,^^)^^,^,) eLiUA^nB). 

In other words, the tensor product of two vector-valued matrices is defined as that of scalar- 
valued matrices, except we take inner products of entries instead of scalar products. We also 

define the product of two vector-valued matrices A G Mat^ (T-La/T-Lb) and B G Mat^ {7iB,Hc) as 
the complex-valued matrix 

d 
r=l 

k 

Note that AB is obtained in the same way as the usual matrix product, except that we are tak- 
ing the inner product, rather than the product, of corresponding entries. Finally, given A = 
{Ai, . . . , Arf) G M^trf {Ua) we define its dagger as A+ = {A\, A^). 
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Definition 4.8. Let n be an integer and M G L (C" (8) C"). Define 

a;"'(M) := sup |Tr((X Y) M) |, (11) 

rf,X,yGMatd(C«) 

where the supremum is taken over all dimensions d and vector-valued matrices X G Mat^ (C^) and Y S 
Matrf (C") satisfying 

maxf||xx+|| , ||x+x|| J|yy+|| , ||y^y|| ) < i. (12) 

V M M co' M Moo' M Mco' M M oo y — ^ ' 

If we restrict the supremum to d = 1 then the constraint ((12)) simply expresses that X = (X) 
and y = (y) should have norm at most 1, so that co"'^ is indeed a relaxation of the complex bias, 
i.e., co^{M) < co"'^{M). Note moreover that if M is a real diagonal matrix then only the vectors 
on the diagonal of X and Y contribute to ([TT] ). The constraint ([121 ) implies that these vectors must 
have norm at most 1. Therefore, in the case of a classical XOR game we have a;"'^(G) = a;^'^P(G), 
the relaxation of the bias defined in (HJ. 



Example 4.9 (Unentangled bias of the games {T„) (2)). We now observe that for the family {T„) 
we have a)"'{Tn) < l/^/n, implying that co"'{T„) = a;C(T„) = a;(T„) = l/^/n. Indeed, let X G 
Mat(j (C") and Y G Mat^ (C) be arbitrary vector-valued matrices satisfying the constraints (fT2l) . 
The resulting value in ((TT|) is 



Tr((X0y)r„) 



n d 



< 



2Vn 



< 



< 



2^ 
1 



n d 



" /=1;=1 i=l;=l 



n d 



n d 



;=i;=i 

n d 

LLim 



1/2/ « d 



1/2 



/=1;=1 
1/2 



EE imiOP 

,=1;=1 
1/2 / " 

EEI('1^y|o)l' 

/=1;=1 



1/2 



1/2 



1/2 



1/2 



where the first inequality follows from the Cauchy-Schwarz inequality, the second uses that for 
any Z, 

E|(0|Z|z)|2 < (o|ZZ+|0) and £ K^'I^IO)]' < (0|Z+Z|0), 



! = 1 



! = 1 



and the last follows since X, Y satisfy ((12)) . 
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The following lemma shows that co"'^{M) is never "unreasonably large", that is, it is never 
larger than ||M||i, which is the bias that the players would obtain if they were allowed to apply a 
single joint unitary simultaneously on both their message registers (something one might call the 
"colluding bias"). 

Lemma 4.10. Let n be an integer and M G L (C" (8) C"). Then 

a;"'(M) < ||M||i. 

Proof. Let X, Y be vector-valued matrices satisfying the constraint ((T2)) . Write X = (X,) (resp. 
y = (y,)), where each X/ (resp. Yj) is in L (C"), and let M = YljSj\uj){vj \ be the singular value 
decomposition of M. Then by the Cauchy-Schwarz inequality, 

|Tr((X0Y)M)| < J^Sj\{vj\Xi0Yi\uj)\ 
hi 

< Y,Sj [{vj\XiX] md\vj)Y^ [{uj\\d®Y^Yi\uj)Y^ 
hi 

< Y,Sj = ||M||i, 

where the last inequality follows from the constraint ((12)) . □ 

The proof of Lemma |410] only makes use of two of the four constraints in (|12)) , and it holds as 
long as either both constraints ||XX"'"||oo, ||i y||oo < 1, or both constraints ||X"'"X||co, ||y j ||co < 1, 
hold. If instead one was to keep only (say) the two constraints ||XX^||oo, ||yy^||oo < 1, then the 
lemma would no longer be true. This can be seen by taking M to be the matrix associated with the 

game T,„ as in Example 14.21 Let X = Y G Mat„ (C"^^) have the basis vector G R" in position 
{i, 0) for i = 1, . . . ,n, and elsewhere. Then XX"*" = YY"*^ = diag(0, 1, . . . , 1) so both constraints are 
satisfied. However, one can easily compute 

Tr((X0Y)M) = ^El = ^' 

which is much larger than ||M||i = 1. 

In addition, we note that all four constraints in (|12)) are necessary in order for a;'"^(M) to be 
a constant-factor relaxation of a;(M). Indeed, suppose for example that we drop the constraint 
||X'''X||oo < 1. Then X as defined above, and Y = X/ ^/n would constitute a feasible solution, 
with corresponding value Tr((X Y)M) = 1/2: this is much larger than a; (M) = l/i/n- The 
following theorem states that, when all constraints are present, oj"'^ indeed gives a constant factor 
approximation to both the unentangled and complex biases. 

Theorem 4.11. Let G he a quantum XOR game of size n. For any £ > 0, one can approximate up to 
(1 ± e) in time poly(n, log 1/e) a quantity co^'^^G) which satisfies 

Lo{G) < a;C(G) < a;'"^(G) < lco^{G) <lVloj{G). 
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Moreover, there is an infinite sequence of games for which the ratio co^'^ {G) / co^ [G) converges to 2. Also, 
it always holds that lo^'^{G) < ||M(G) ||i < 1. Finally, the upper hounds on co"'^ are explicit, in the sense 
that the algorithm can also output, in time poly(n, 1/e), a description of a complex strategy achieving bias 
a;"'^(G) /(2 + e) as well as a strategy achieving bias co"'^{G) / (2-\/2 + e). 

Proof. It is not difficult to verify that o;"'^, just like co'^P, is a semidefinite program. As such, it can be 
solved up to precision e in time poly(n, log 1/e). In slightly more detail, the semidefinite program 
corresponding to co"'^ is over 2n^ vector variables and the goal function is a linear function in the 
inner products between these vectors. To see why the constraint ((T2ll is a semidefinite constraint, 
it suffices to notice that (say) ||XX"'"||oo < 1 is equivalent to XX"*" < Id. 

The first and last inequalities follow from Claim 14.71 The second inequality was already ob- 
served above. Thesubstanceof the theorem is in the inequality a; '"^(G) < 2a;'-(G). This inequality 
is a consequence of the "non-commutative Grothendieck inequality" proved by Pisier |Pis78ll and 
Haagerup |(Haa85J. While technically it follows directly from that result, the connection may not 
be immediate to readers unfamiliar with the uses of Grothendieck's inequality made in the func- 
tional analysis literature, and we explain the derivation in detail in Section[6l 

The gap cv"'^ / cv'^ — > 2 follows from Theorem 11.31 The explicit forms of the upper bounds 
follow from the algorithmic variant of the non-commutative Grothendieck inequality, as detailed 
in IINRV12II . □ 

4.3 The entangled bias 

We now consider the case that the players are allowed to initialize their private spaces T-La, T-Lb in 
an arbitrary state |Y) S T-La (8) T-Lb- Following Definition 14. 11 the resulting entangled bias to*{G) := 
co*{M{G)) can be defined as follows. 

Definition 4.12. Let n be an integer and M G H (C" ® C"). The entangled bias o/M, denoted co* (M), 
is defined as 

cv\M) := sup |(Y|Trcw((A®B)(M^Id«^^^J)|Y)|, (13) 

BGObs(C"®-HB) 

where the supremum is taken over all finite dimensional Hilbert spaces Ha, T^b md states | Y) S T-La ^ T-Lb- 



Example 4.13 (Entangled bias of the games (T„)). We show that for any n the game r„ can be won 
with probability arbitrarily close to 1, provided the players are allowed to share an entangled state 
of large enough dimension. First recall from Example 14.51 that Ti can be won with probability 1 
(even without any entanglement). In order to succeed in the game T„ for general n, the players 
will use a specific entangled state in order to reduce to the case n = 1. For any d > 1 this state, 
which falls in the family of so-called embezzlement states^ is defined as 

1 

V d 

^The specific state we use was introduced in ILTW08I . See also lvDH03l for a "universal" family of states having 
similar "embezzlement" properties. 
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Consider the following strategy for the players in T„, defined for any integer d. The players ini- 
tialize their private registers in state Ir^). Upon receiving their respective message register, con- 
trolled on the message register not being in state |0) they each apply the unitary transformation 
corresponding to a cyclic shift on the d 1 copies of C"+^ in their possession. This leads to the 
transformatiorl^ 

(|0)|0)) ^iFrf) ^ (|0)|0)) ^iFrf), 
I^D^lFrf) ^ \n + l)\n + l)^(^l^{\n + l)\n + l) f' 

Since the state on the right has overlap 1 — 0{l/d) with jr^), after the cyclic shift and up to a local 
unitary mapping |n + 1) i— )■ |1) the players' message registers are in a state close to what it would 
be in the game Ti. They may then apply their perfect strategy for Ti, in which case one can verify 
that they will succeed with probability 1 — 0(l/d)inT„. We refer to the proof of Lemma |531 for 
more details. 



In contrast to the unentangled case, relaxing the supremum in (fT3)) to be taken over all complex 
matrices with operator norm at most 1 does not change the definition of the bias, as is shown in 
the following claim. 

Claim 4.14. LetMeH (C" ® C"). Then 

co*{M) = sup |(<D|Trcw((A^B)(M®Id^^«^J)|Y)|, (14) 

^^,?^B,|<I'),|Y),AeL(C"®WA), 
BeL(C«®WB),||A||oo<l,||B|U<l 

where the supremum is taken over all finite-dimensional Hilbert spaces T-La,T^b (^nd states |Y) G 

Proof. It will suffice to show that the supremum in ((T3|) is at least as large as that in ((14)) , since the 
other inequality is clear. Let T-La,T-Lb be finite-dimensional Hilbert spaces, and let \W),A,B 
achieve the supremum in the right-hand side of ((14)) . Without loss of generality we may assume 
that A, B are unitary and the expression inside the absolute value is real and non-negative. Con- 
sider the two observables 

A = (^^+ G Obs (C" ^ {Ua ^ C^)) and B = (^^^ G Obs (C" ^ [Ub ® C^)) , 
and the state |Y) = -1=(|0) O |00) + |Y) ® |11)) G ("Ha O C^) ^ (-Hg C^). Then 

(Y|Trc««c» ((^ ® B) (M ® Idn^^Hs)) 1^) = ^ ((0|Trc«c^c« ((^ 0B){M0 Id^^^^ J) |Y) 

+ (Y|Trc«®c« {{A' ^ B+) (M ^ Id^^^^^ J) 
= (0|Trc««c" ((A ^ B) (M ® Id«^»«J) 

since M is Hermitian and given our assumption on the last expression above being real. □ 

^Note that this transformation requires the players' message registers to be of dimension n + 2 instead of « + 1. This 
is easily achieved by having the players use an additional qubit as ancilla each. 
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Next, we define the maximally entangled bias a;""^(G) := co^^[M{G)), in which players are re- 
stricted to sharing the maximally entangled state |Y'"''). Following Definition l4.1l it can be defined 
as follows. 

Definition 4.15. Let n he an integer and M G H (C" (g) C"). The maximally entangled bias of M, 

denoted a;""^(M), is defined as 

oo'"'{M) := sup |(Yr|Trc.«c"((A0B)(M0ldcrf(^eO)|Yr)|- (15) 

d,A,BGObs(C"®C'') 

As in the proof of Claim 14.41 it is easy to see that the absence of an explicit ancilla space for 
the players in ((15)) is without loss of generality. We also note that as was the case for co*, one can 
equivalently take the supremum here over all matrices with operator norm at most 1. This follows 
by a straightforward modification of the proof of Claim 14.141 It also follows from this argument 
that for all games G, co""^{G) > oj'^{G); in fact, there exists a strategy using just one EPR pair that 
achieves bias co'^{G) in G. 

The following lemma shows that cl>"'^{M) is always an upper bound on a;""^(M). The lemma 
already appears in l|HI95l , but we give a (slightly different) proof that will be useful to understand 
why <x>"'^{M) is in general not an upper bound on the entangled bias cv*{M) (as can be seen from 
the game T„, which as shown in Examples 14.91 and 14. 131 satisfies aj"'^{T„) = 1/ i/n <C co*{T„) = 1). 
While reading the proof, the reader might wish to keep the proof of Lemma |3^ in mind. 

Lemma 4.16. LetMeH [C" O C"). Then 

co"''{M) < co"'{M). 

Proof. Let d be an integer and A, B G Obs (C" C*) . The expression in the supremum in ((T5|) can 
be written as 

^^Tr((Id(g) (z|)A(IdO I/)) (g) (Id(g) (/|)B(Id(g |;))M) = Tr((A0B)M) 
'J 

where the vector- valued matrices A, B G Mat^2 (C") are defined as 

A := -L((id0(/|)A(Id0|y))).^, and B := -L ((M (/|)B(Id |;))) , .. 

Note that if we think of A as a d x d block matrix with each block of size n x n, then A simply 
corresponds to a list of the d^ blocks of A, and similarly for B. In particular the matrix A A"*" (resp. 
A^A) corresponds to the average of the d diagonal blocks of the matrix AA"*" (resp. A"'"A), and 
must therefore have operator norm at most 1. Similar bounds hold for BB^ and B'^B, showing that 
(A, B) satisfy the constraint ([121 ), and the proof is complete. □ 

As noted above, co"'^{G) is in general not an upper bound on the entangled bias a;*(G). It is 
instructive to see what fails in the proof of Lemma r4.16l if we try to adapt it to the case of a general 
entangled state. Following the proof of Lemma l3!6l we would have to weigh the block-rows of A 
using the Schmidt coefficients of resulting in the vector-valued matrix 

Ar = (A;(Id0(z|)A(Id0|7))).., 
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and similarly define Bq using column-weighing. Then Tr((AR Bc)M) equals the expression 
inside the absolute value in JTSl) , as desired. Moreover, as before, ArA^ is an average of the 
diagonal blocks of AA^, this time a weighted average with weights A,. As a result, we still have 
^R^R ^ Id. However, and this is where the proof fails, A'^Ar < Id is no longer true in general, 
as is demonstrated by the following example. 

Example 4.17. Let X be the matrix defined as X = I^JL^ (g) |f)(0| + E-L^ (g) |0)(z| G 
L (C" (S> C"+^). Then X is Hermitian and of operator norm at most 1, so X is a valid strategy 
for either player in a quantum XOR game. Let |Y) = :^|00) + -^^Hi I")- The correspond- 
ing "row-weighted" vector-valued matrix Xr = (X,y) has most its entries equal to 0, except 
for Xo,; = (1/a/2)|/)(1| for 7 = l,...,n and X,;o = [l / V2n)\\) {i\ for i = l,...,n. Xr satisfies 
Xj^Xj = (1/2)|1)(1| + (l/2)Id < Id,butX+XR = (l/(2n))Id + (n/2) |1) (1| has operator norm 
n/2 + l/(2n). 

One could, of course, weigh the columns of A instead of its rows. This leads to the vector- 
valued matrix 

Ac = (Ay(Id0(z|)A(Id0|7))),.^., 

and to the similarly defined Br. Now we have A'^Aq < Id but in general not AqA'^ < Id! 

The discussion above explains why cv"'^ is not an upper bound on co* . But not all is lost, and it 
turns out that one can relax the constraint in the definition of co"'^, leading to the quantity we call 
o;"^, which does upper bound co*. The idea is to include both vector-valued matrices Ar, Aq, each 
satisfying the corresponding constraint, as well as matching Be, Br, and a consistency constraint 
among them. 

Definition 4.18. Let n be an integer and M G L (C" ® C"). Define 

cv"\M) := sup |Tr((XR0yc)M)|, (16) 

rf,XR,Xc,yR,YcGM?trf(C") 

where the supremum is taken over all vector-valued matrices Xr,Xc, Yr, Yc ^ Mat^ (C") such that the 
following constraints hold: 

Xr Yc = Xc Yr, (17) 
maxf||XRX+|| , ||YrY1|| ,||xJXc|l , ||Y+Yc||J < 1- 



As we already saw in the setting of co"'^{G), in case G is a classical XOR game only the vectors 
appearing on the diagonal of Xr, Xq, Yr and Yc contribute to the objective value ((16)), and the 
constraints ||XrXJ||oo < 1 and ||Y^Yc||oo < 1 impose that these vectors have norm at most 1. 
Hence in that case it holds that co*{G) = co^'^P{G) = co"'^{G) = a;°^(G) (the first equality was 
already shown in Proposition 13 . 7|) . 

We end this section with a proof of the second sequence of inequalities in Theorem ll.li together 
with additional properties. 
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Theorem 4.19. Let G be a quantum XOR game of size n. For any e > 0, one can approximate up to 
(1 ± e) in time poly(n,log 1/e) a quantity (v''^{G) which satisfies 

w*{G) < a}"'{G) < la}*{G). 

Moreover, there exists a game for which both inequalities are strict. It also holds that co°^ (G) < || M(G) || i < 
1. Finally, the upper bound on co°^ is explicit, in the sense that the algorithm can also output in time 
(n/e)'-^^^/'^) a description of an entangled strategy achieving bias to"'^{G)/{2 + e). The strategy uses en- 
tanglement of dimension at most {nltf-l'^ for some universal constant C > 0. 

Vroof. As was the case for o;"*^, it is not hard to see that (X)°^ can be expressed as a semidefinite 
program and is therefore computable up to precision e in time poly (n, log 1/e). The fact that 
<jo*(G) < co°^{G) follows from the discussion preceding Definition 14.181 The substance of the 
theorem is in the inequality cv°^{G) < 2a;* (G). The inequality follows from the operator space 
Grothendieck inequality; we state that inequality and explain in detail how it implies the inequal- 
ity on the biases in Section |6l 

Theorem [H shows that a;* (Hi) < a>''"(Hi) < 2 a;* (Hi), where the games (H„) were in- 
troduced in Section [LTI For the inequality co°^{M) < ||M||i, see Lemma 14.101 and the remark 
following it. 

Finally, the explicit part of the theorem and the bound on the entanglement dimension follow 
from the quantitative version of the operator space Grothendieck inequality iRV12B . □ 



5 Some constructions 
5.1 Rank-one quantum games 

Rank-one quantum games are a model of two-player one-round games that was introduced re- 
cently by Cooney et al. | CJPP1H . Despite seemingly quite different from quantum XOR games (in 



particular, a rank-one game involves quantum communication both from the referee to the play- 
ers and from the players to the referee), in this section we show that there is a strong relationship 
between the two models in case players are allowed to use entanglement. In particular, there is 
a simple transformation from one type of game to the other that essentially maps the maximum 
success probability of entangled players in a rank-one game to the entangled bias of the corre- 
sponding quantum XOR game, and vice-versa. This equivalence may be a source of additional 
examples of quantum XOR games. In fact, at the end of this section we show how the family of 
games (r„) can be naturally obtained from a simple rank-one game; this correspondence will let 
us rederive the fact, proved in Example 14.131 that co*[Tn) = 1. The family (C„) discussed in Sec- 
tion ll.ll is another interesting example. We note that Cooney et al. do not study either unentangled 
or maximally entangled players in their model; although one could define both, it is not clear how 
to analyze those quantities, and in particular they do not seem related to the non-commutative 
Grothendieck inequality, as is the case in our model. 

Formally, a rank-one game G of size n is specified by an arbitrary (finite-dimensional) Hilbert 
space V, corresponding to the referee's private space, and two unit vectors |?/), I7) G C" (8) C" (8) V. 
The game proceeds as follows. The referee first prepares the state {rj) on three registers M^, Mg, V 
corresponding to the spaces C",C", V respectively. He sends register to Alice, and register 
Mb to Bob. The players are allowed to apply arbitrary unitaries U, V on their respective message 



23 



registers as well as on their own private spaces I-La, T^b, which may be initialized in an arbitrary 
state |Y) S Ti^ (g) T-Lb- The players then send registers M^, Mb back to the referee, who performs 
a rank-one measurement jP"'^'^ = |7)(7|,Id — P"'^'^} on the three registers in his possession. If he 
obtains the outcome "acc" then he accepts, otherwise he rejects. 

Given a rank-one quantum game G = (|?/),|7)), associate to it the (not necessarily Hermitian) 
matrix M = M ( G ) : = Try | ) ( 7 1 • It is not difficult to see that the maximum acceptance probability 



of any entangled players in G equals (see Theorem 3.2 in |CJPP11| | for a proof) 



a;''''^(G) = a;''*^^(M(G)) := sup |Tr(((i ^ y)(M ^ |Y)(0|)) |^ (18) 

U6L(C"®W,,),yGL(C"®WB) 

where the supremum is taken over all finite-dimensional Hilbert spaces Ha and Hb, unit vectors 
|0) enA<S) Ub, and (i e L (C" O Ua), 1^ G L (C" O Ub) of norm at most 1. (As in the proof 
of Claim l4!7l a convexity argument shows that we could equivalently restrict to unitaries.) We also 
include for completeness a proof of the following easy fact. 

Claim 5.1 ( |CJPP11[ Proposition 3.1]). For any matrix M G L (C" ® C") with \\M\\i < 1, there exists 
a rank-one game whose associated matrix is M. 

Proof. Assume ||M||i = 1; the general case is similar. Write M in its singular value decomposition 



as 



M = Y^Si \ui){vi\, 



with s, > and \ui), orthonormal families in C" (8) C". Define a rank-one quantum game G by 

2 

choosing the referee's private register V ~ C" , and letting 

\V) ■= J^VsiWi)\i) and I7) := 

i i 

It is easy to check that M(G) = M. □ 

In the following two lemmas we state precisely the relationship between rank-one quantum 
games and quantum XOR games. 

Lemma 5.2. Let G be an arbitrary quantum XOR game. Then there exists a rank-one quantum game G 
such that oj^'^^ (G) = {00* (G))^. Moreover, the associated matrices are equal: M{G) = M(G). 

Proof. Let G be a quantum XOR game of size n with associated game matrix M. Let G be a rank- 
one game with associated matrix M as guaranteed to exist by Claim IS^Tl Comparing Eq. ((18)) with 
the characterization of a;* (G) given in Claim [4141 we see thata;'''^i(G) = (a;* (G))^, as claimed. □ 

Lemma 5.3. Let G be an arbitrary rank-one quantum game. Then there exists a quantum XOR game G 
such thatco*{G) = {co''''\G)y/^. 

Proof. Let G = (|f/),|7))bea rank-one quantum game of size n. We associate to G the following 
quantum XOR game G of size 2n. In G, the referee prepares one of two possible states 

1 

\^±) ■= ^(|0)m^|0)mbI'/)m^MbV± |1)m^|1)mJ7)m^Mbv), 
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each with probability 1/2. Note that the message registers in G have one more qubit than those 
in G. The referee sends the players their respective message registers, and accepts their answers 
if and only if their parity is in case the state prepared was \ip+), and 1 in case it was \tp-). The 
corresponding game matrix is 

M = M(G) = i(|00)(ll| ®Trv(|?7)(7|) + |11)(00| ^Trv{\'y){rj\)) 
= ^(|00)(11| OM+ |11)(00| (g)M+), 

where M = M(G) is the matrix associated to G. 

We first show that co*{G) < {co''''^{G)y^^. Let £ > and {A, B, |Y)) a strategy for the players 
in G achieving a bias at least (1 - e)a;*(G). Define U := ((1| O Id)A(|0) O Id), V := ((1| (gi 
Id)B(|0) (E) Id), and |^) := |Y). Then U and V each have norm at most 1, so that the quadruple 
[U, V, |Y)) forms a valid assignment to the right-hand side of dlSl) . The resulting value is 

co'''\G) > |Tr((jJ(g)y)(M^ |Y)(Y|))|^ 
= |Tr((AOB)(M® |Y)(Y|)|^ 
>{{l-e)co*{G))\ 

which concludes the proof of this direction of the inequality by letting £ — > 0. 

It remains to show co*{G) > (a;'''^^(G))^/^. Let U, V, |Y) and |0) achieve a value at least (1 — 
e)6L'''*^^(G) in the right-hand side of ((18|). Assume without loss of generality that both |Y), |0) S 
H^l-L for some finite-dimensional H. Note that by changing the phase of |Y) we may assume 
that the expression inside the absolute value is real and non-negative. We construct a strategy for 
the players in G based on the use of an embezzlement stated Letting be a dimension parameter 
(we will eventually take the limit as d — > oo), it is defined as 

|r,) := ^f]|Y)«^-®|0)®('^-/), 
V D 

where d <D < (f- is the appropriate normalization factor. The players share |<I>) and jr^f), so each 
player has d + 1 copies of H altogether. Let U, V be the unitary transformations corresponding to 
a cyclic shift on those d + \ copies, so that 

U®V: |0)|rrf) ^ |Y)|frf), 

where \td) = |Y)®^' O Note that - \td)f < 4/d and so Re(rrf|frf) > 

1 - 1/d. Let 

A := |0)(l|®(LZ-(i) + |l)(0|(g)(iJ-Q)+ and B := \0) {l\ ® {V ■ V) + \\) {<d\ ® {V ■ V)\ 
^^A similar state was already used to prove (jJ*{T„) = 1 in Example l4.13l 
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One can verify that both A and B have norm at most 1, and so by Claim 14141 

a;*(G) > |Tr((A^B)(M^|0)(0| ^|rrf)(rd|))| 

(//I (o|(rrf|jja ^ yt/|7) |o) iFd) + (7|(o|(rd I Q+!J+ ^ r y+|//) |o) \\^) 



1 



Re((;7|(0|LJ^y|7)|Y)-(rd|fd)) 

>(l-^)((l-6)a;'"^i(G))i/^. 

Taking the limit as e — > and d — > oo finishes the proof of the second part of the lemma. □ 

We end this section with two examples illustrating both transformations described in the 
proofs of Lemmas 15.21 and 15.31 We first illustrate the transformation G — ?► G from quantum XOR 
game to rank-one quantum game by applying it to the games (T„). 

Example 5.4 (From quantum XOR game to rank-one quantum game). Let M be the matrix associ- 
ated to the game T„. Using the singular value decomposition M = i |00) (Y;;"^ | + \ | Y^^"^) (00| in the 
proof of Claim [SH we obtain the rank-one quantum game defined by 

= -^(|00)|0) + |Yr)|l)) and [7) = -L(|Yr)|0) + |00)|1)). 

The game T2 thus obtained is closely related to the "coherent state exchange" game introduced 
in |ILTW08| , and we discuss this connection further in Section |5^ 

The next example shows how the other transformation, G — > G, can be used to map a very 
simple rank-one quantum game T„ to the game T„, leading us to rederive the fact that a;* (T„) = 1. 
Moreover, as we will show in Claim 15.61 an unbounded amount of entanglement between the 
players is necessary in order for them to succeed with probability approaching 1 in . In contrast, 
the rank-one game T„ can be won perfectly using a maximally entangled state of dimension n. 
Hence the example also demonstrates that our use of arbitrarily high-dimensional embezzlement 
states in the transformation G — > G given in the proof of Lemma l531 cannot be completely avoided. 

Example 5.5 (From rank-one quantum game to quantum XOR game). Consider the following sim- 
ple rank-one quantum game T„ of size n + 1. The referee first prepares the state \y]) := |0)|0), 
where here we think of each |0) as an (n + 1) -dimensional state. He sends each player one of the 
two registers, and upon receiving their answers projects onto P"'^'^ = |7)(7|, where I7) = 
As a rank-one game, G is trivial, i.e., oo^^^iG) = 1: an optimal strategy for the players, succeed- 
ing with probability 1, consists in starting the game by sharing the state |Y) := I7) and simply 
swapping their message register with their respective share of I7). 

According to the transformation described in the proof of Lemma 15.31 in the quantum XOR 
game G that is obtained from G the players are asked to distinguish between the two states 

|t/;±) = -^(|oo)|o)|o)±|n)|Yr)). 

By a local unitary transformation, these two states are equivalent to the two states and |t/'i) 
used to define the game T„. Hence Lemma |531 immediately reproves that a;*(T„) = 1 for all n. 
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5.2 The family (r„) 

In this section we complete the proof of Theorem ll.2[ The first sequence of equalities were shown 
in Examples 14.51 and I4.9[ and the second in Example 14. 131 It therefore remains to prove the "more- 
over" part, namely, that perfect winning probability can only be achieved in the limit of infinite 
entanglement. 

Claim 5.6. Let e > be small enough, n > 2 and d an integer. Suppose that {A,B, |Y)), where |Y) G 
£d ^ ig ^ strategy for the players in the game Tn that achieves a bias at least 1 — e. Then d > n'~^^, 
where C > is a universal constant. 

We note that the bound in the claim is not far from tight, as Example |4.13l demonstrates the exis- 
tence of a strategy achieving an entangled bias of 1 — e in T,, and using an entangled state of dimen- 
sion d = for each player. We also note that one can derive this claim in a black-box fashion 
from the main result of ILTW08L In more detail, the "coherent state exchange" game I1LTW08II 
can be described as the rank-one game given by the states |//) = (|00)|0) + \cp)\l))/V2 and 
I7) = (|00)|0) + |ll)|l))/\/2. This game is very close to the rank-one game we associated 
to T2 in Example 15.41 and it is not hard to convert any strategy for T2 into a strategy for the co- 
herent state exchange game with a similar success probability. The claim for the case n = 2 then 
follows from the main result of ILTW08 I, and the general case can be derived from a straight- 
forward modification of their proof. Below we give a more direct proof based on the techniques 
in llvDH03lirrW08ll . 

Proof. The fact that ( A, B, |Y) ) achieves a bias at least 1 — e in r„ implies, by definition, 

I (Y| ((A ^B)(M(T„)^ Id)) |Y) I = |Re((00|(Y|(A^B)|Yr)|Y))| > (1-e). 

We use the the following fact, implicit in flLTWOSl Section 3]. (Its proof follows from the Fuchs- 
van de Graaf inequalities, which relate the fidelity to the trace norm, and Farmes' inequality, which 
provides a lower bound on the trace distance between two density matrices as a function of the 
difference of their von Neumann entropies.) 

Fact 5.7. Let n,d be integers, U,V E L (C" (8) C^) arbitrary operators of norm at most 1, and \(p) S 
C" (gi C", |Y) eC'^(giC'^ of unit norm. Let S be the von Neumann entropy of the reduced density of\f) 
on any of the two subsystems, and assume S > 1. Then 



1 c2 

|((»|(Y|!J^y|0"0")|Y)|^ > minl-^, . }. 



161og^(3d) 

Applying the fact to |^) = |Y|J"^) and U = A,V = B, and using that the reduced density of 
the maximally entangled state l^n*^) has von Neumann entropy log n, we obtain that the strategy 
{A, B, |Y) ) must satisfy £ > log^(n) / log^{d) for some universal constant C > 0. □ 

5.3 The family (H„) 

In this section we prove Theorem II. 31 The inequalities involving Hi are proved in Sections 15.3.11 
and 15.3.21 and the inequalities involving H„ are discussed in Section l5.3.3[ 
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5.3.1 The game Hi 

The game H := Hi is a game of size 3, whose associated game matrix M = M(H) corresponds to 
the n = 1 case of a family introduced in IIHI95| . It is defined as 

M = M(H) = ^ (Ci O Ci + C2 ® C2 + C3 ® C3), 

where 

Ci = I 1 I , C2 = I I and C3 
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One can verify that our choice of normalization is such that ||M||i = 1. The following lemma sums 
up the results of ltHI95J about H. 

Lemma 5.8 ( fHI95| '). The following hold for the game H: 

I = cv{H) = u>^{H) < co""{H) < cv"'{H) = p. 
5 5 

For completeness, we prove this lemma in the three claims below, following the original argu- 
ments from [HI95J. We use the opportunity to observe that their proof of the equality a;"'^(H) = 
3/5 can be used to also show that a;''^(H) = 3/5, as stated in Theorem II .31 The only remaining 
inequality in Theorem ll.3l a;* (H) < 3/5, is proved in Section l5.3.2[ 

We start with the unentangled bias. 

Claim 5.9 ( ||HI95|1 , Remark 1.4). The unentangled and complex biases of the game H are a;(H) = 
a;C(H) =2/5. 

Proof. We first observe that it is easy to achieve a bias of 2/5: for instance, Alice can use the 
observable A = zQ, and Bob B = -zQ, in which case Tr(M(A O B)) = (l/10)Tr(Cf)2 = 2/5. 
Note that this strategy has the following operational interpretation: both players bet on their 
questions being { |1) ± z |2) }, and measure their respective message registers in a basis containing 
both vectors. If they get neither they output a random answer. If Alice obtains |1) + z|2) she 
outputs 0, and if she obtains |1) — z|2) she outputs 1; Bob does exactly the opposite. 

Now we show that a;'''(H) < 2/5. Consider an arbitrary complex strategy for the players, us- 
ing (possibly non-Hermitian) matrices A and B with operator norm at most 1. Using the Cauchy- 
Schwarz inequality, we may bound the bias that {A,B) achieve in H as follows: 

^ ^Tr((A ® B)(Q ® Q)) = ^ X]Tr(AQ)Tr(BQ) 

i i 

<^(E|Tr(AQ)r)'''(E|Tr(BC,)r)'''. 

: i 

2 

We now show that J^i |Tr(AC/) | < 4 which, together with the analogous bound for B, would 



imply the claim. Notice that 

E |Tr(AQ) r = E Tr( Q) " = 4(|xp + |yp + |zp). 
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where y, z G C are defined by 




Observe that this matrix has rank at most 2 as its determinant is zero, and that its operator norm 
satisfies ||(A — A^)/2||oo < ll^lloo < 1- It therefore has at most two nonzero singular values, and 
both are at most 1. Since the Frobenius norm is both the sum of squares of the singular values and 
the sum of the modulus squared of the entries, we conclude that |xp + |t/p + |zp<l. □ 

Next we show that the maximally entangled bias is strictly larger than the unentangled bias. 



Claim 5.10 ( iHI95| . Theorem 3.4). The maximally entangled bias of the game H satisfies a;""^(H) > 
5/9 0.556. 

Proof. We describe an explicit strategy. The players share the three-dimensional state IY3) = 
+ |22) + |33)) . Upon receiving their question, each of them performs the same binary pro- 
jective measurement. Theprojector corresponding to outcome projects on span{ 1 12) — |21), |13) — 
|31), |23) — |31), 1^3) V. The projector corresponding to outcome 1 projects on the 5-dimensional 
orthogonal subspaceO One can directly compute the resulting value 5/9, or a factor 1.389 
advantage over the best unentangled strategy. □ 

We conclude by computing a;'"^(H) and Ljo"^{¥{). 

Claim 5.11. We have 

a;"'^(H) = a;''^(H) = % 

5 

Proof We first show that (^'"^(H) > 3/5. Let {ei,e2,e^) be the canonical basis of C^, and X = Y = 
(1/ v/2) C ei ® Ci e Mats (C^) . It is not hard to verify that XX+ = X+X = Id, so that X, Y satisfy 
the constraints ((12)) . Moreover, XQY = ^^1 C, C//2 so that the objective value in ([Tl]) is 

lTr((X0y)M) = li;Tr(C,q)2 = | 

Next we show a;''^(H) < 3/5. Let (Xr,Xc/^R/^c) be vector-valued matrices satisfying the 
constraints fTZl) . Let Xj (resp. Yy) be the matrix whose entries correspond to the j-ih coordinate of 
the vector-entries of Xr (resp. Yq), so that Xr Yc = Y^j Xj Yy. By definition, the value achieved 



^^We note that this strategy corresponds to measuring in the eigenbasis of the matrix M, and outputting the sign of 
the eigenvalue associated with the eigenvector obtained as outcome. 
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in ((16)) is 



1 yc)(C, ^ CO) < ^ ( E |Tr(X,C,) I ( E |Tr(y;CO I 

i i 

■3 1/2 1/2 

D . ' oo . ' oo 

3 ^ ^, 1/2 ^.^ 1/2 3 

= - XrxJ y^Yc < 

D CO CO O 

where the first inequality uses the Cauchy-Schwarz inequality, for the second we used the defi- 
nition of Q and |fl — fcp <2(|fl|2 + |&|2) for any complex a,h, the third inequality uses |Tr(A)| < 
3 II A II oo for 3-dimensional A, and the last follows from the constraints ((17)) . □ 

5.3.2 An upper bound on the entangled bias of Hi 

In order to complete the proof of the part relating to Hi in Theorem 11 .31 it remains to show that 
a;*(H) < 3/5. This will be shown in Lemma [5. 141 below. Before getting there, we will show as a 
warm-up in Claim ISTSl that no entangled strategy achieves a bias of exactly 3/5. (Notice that this 
is a weaker statement since one might still have that for any £ > there is a strategy with bias 
at least 3/5 — e.) Claim 15^3) will not be directly used in the proof of Lemma [5.14[ but its proof is 
simpler and provides the template for the final argument. Before proceeding, we state a simple 
preliminary claim which lets us assume that the players' strategy has some symmetry that will be 
helpful in the analysis. 

Claim 5.12. Let {A',B', |Y')) be any strategy for the players in the game H. There exists a strategy 
[A, A, I Y) ) achieving a bias at least as high as that of (A', B' , | Y') ) in H, and such that A is an observable 
and |Y) a permutation-invariant state whose reduced density p = Tr-^^|Y)(Y| = Tr-^g|Y)(Y| on either 
player's private register has full support. 

Proof First, we restrict A', B' and the state |Y') to the support of Tr^^ |Y') (Y'| and Tr^^ |Y') (Y'j. 
Denoting the resulting strategy by {A",B", |Y")), we have that both reduced densities of |Y") 
have full support, and the strategy achieves the same bias. Next, since the bias is a bilinear func- 
tion of the two measurements, we can find a strategy {A'", B'", |Y")) achieving a bias at least as 
high and such that A"',B"' are Hermitian with eigenvalues in {±1}, i.e., they are observables. 
Finally, let 

|Y) = -L(|o)^|1)b^|Y")ab + |1>a|O)b0|Y;')ab), 

where |Y") is |Y") with Alice and Bob's respective registers (which are of the same dimension) 
permuted, and define A = |0) (0| (8) A'" + |l) (1| (g) B'". With these definitions, it is easy to verify 
that the strategy {A, A, | Y) ) has the same bias as {A', B', | Y') ) in H, A is an observable, and | Y) is 
a permutation-invariant state whose reduced density has full support. □ 

Claim 5.13. Let {A, B, |Y)) be a strategy for the players in H. Then the corresponding bias is strictly less 
than 3/5. 
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Proof. Using Claim 15.121 we may assume without loss of generality that A = B and |Y) is a 
permutation-invariant state whose reduced density p on either player has full support. For i, j G 
{1,2,3} let 

A,j := (S) IdnJ A Hi) (S) IdnJ G L {TIa) ■ (19) 

With this notation, and using that Ajj = AJ. since A is Hermitian, we can write the bias achieved 
by the strategy as 

1 - Aj) ® (Ay- - a;.)|y) < 1 ETr((A7 - 4)(A,7 - a;)V) 

i<j i<j 

(b) 1 

<T5E2Tr((AyA; + A;.A,)p) 

= I ETr(A,A;.p), 

¥i 

<^-^ETr(A,-4p) <| (20) 

In (a) we apply the Cauchy-Schwarz inequality to the inner product between the vectors 

{{Aij-Ajj)^ldy\Y) and (Id ^ (A,y - AJ-)) (21) 

and we use that | Y) has the same reduced density p on both subsystems. To obtain (b) observe that 
the difference between the two sides of the inequality is X!i,<y Tr((A;y + Ap^p) /lO which is clearly 
non-negative. The equality follows since A is Hermitian. For (c), notice that the diagonal blocks 
of AA^ are given by A,7At. + A,yAlj + AiiA\ for i,i,k G {1,2,3} all distinct, and since A A"*" < Id, 
they must be at most Id^^ . 

To complete the proof, assume towards contradiction that all inequalities above are simultane- 
ously tight. Then we have 

Vz ^ G {1,2,3}, An = 0, Ay = -AJ, and AyAj- = Id/2, (22) 

the first following from the tightness of (d), the second from the tightness of (b), and the third from 
the tightness of (c), where in all three cases we also use the assumption that p has full support. 
Now observe that there does not exist an A that is both Hermitian and squares to identity, and 
satisfies these three conditions. Indeed, by considering the off-diagonal blocks in the equality 
A^ = Id one obtains the equation AyAj^ = for i,i,k G {1,2,3} all distinct, which is easily seen 
to be incompatible with AijAj- = Id/2 for every i ^ j (since, say, the product of two nonsingular 
matrices is nonsingular). □ 

Lemma 5.14. There exists a S > such that a;*(H) < 3/5 — S. 

We note that, while one could in principle extract a numerical estimate for 3 from our proof, 
we have not attempted to do so, and in any case do not expect such an estimate to be tight. We also 
computed numerically the third level of a simple semidefinite hierarchy tightening the relaxation 
a;"'' along the lines of the general method given in I DLTW0 8I. This produced the upper bound 
0.578, but since we have not verified this bound carefully, it should be taken with a pinch of salt. 
Finally, we remark that some basic numerical optimizations we performed failed to identify a 
strategy achieving bias higher than what is obtained in Claim ISTOl i.e., 5/9 ~ 0.556. 
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Proof. Let {A, B, |Y)) be a strategy for the players in H. By Claim \57n\ we may assume without 
loss of generality that A = B and |Y) is a permutation-invariant state with p its reduced density 
matrix. The proof of the lemma is based on the following claim, which derives a quantitative 
version of the relations ((22]l that were used in the proof of Claim I5?l3l It will be useful to introduce 
the notation || W||y := (Y|WW+|Y)i/2 where W E Mrf(C) (g) Mrf(C), d being the dimension of the 
private space T-La = T-Lb of each player. It is easy to see that || ■ || y is a semi-norm since it is derived 
from the semi-inner product (W, Z) i— > (Y|ZW^|Y). For an X G M^{C) we often abuse notation 
and write 



|X||y instead of 



Id (g) X||y = ||X (g) MIIy = Tr(XXV)i/2. 



Claim 5.15. Suppose that the strategy {A,A,\Y)) achieves a bias at least 3/5 — S inH. Then the following 
relations hold for all i ^ j ^ k E {1,2, 3}; 



\A 



2 



0{S), 
0{S), 



Id — AjjA^i — AjjA^f — AjkAji 



£\\Aij\\t,>3-0{S), 

2 



Ai 



) Id - Id (g Ajj 



OiS), 
0{S), 



(23) 
(24) 
(25) 

(26) 
(27) 



where the Au are as defined in ((19)) . 



Proof. Since, by assumption, the first expression in ( [201 ) is at least 3/5 — (5, all inequalities (a)-(d) 
should be tight up to an additive 5. Eq. ((23)) follows immediately from the tightness of (d), ((24)) 
follows from that of (b), and ((25)) follows from that of the sequence (c) and (d). To show 



we use < Id 



^ik-^ik ^ Id, where non-negativity follows by looking at the 



diagonal blocks in the inequality AA^ < Id, to bound 



Id - AuAji 



^ik^ik 



Y 



< Tr((Id-A,-,At 



A,,Ai)p) = 0{S), 



where the equality follows from the fact that the inequality (c) in ((20)) is tight up to S. 

To prove (|27l ), observe that if u and v are two vectors of the same norm, and whose inner 
product is a non-negative real number that is at least \\u\\^ — e, then ||u — i7|| < a/2£- Recall now 
that inequality (a) in ((20)) follows by applying, for each / < the Cauchy-Schwarz inequality to 
the two vectors in ((2T)| , which are of the same norm and whose inner product is a non-negative 
real number. It therefore follows from the tightness up to 3 of this inequality that for all i < j, 

I {Aij - Aj.) ^ Id + Id ^ {Aij - Aj.) II Y = 0( v^). 

Eq. ((27)) now follows from two applications of the triangle inequality together with ((24)). The case 
/ > i follows since Ajj = Aj- and |Y) is permutation-invariant. □ 

Let Bij be the blocks of AA^; for all f ^ ; ^ G {1, 2, 3} we have 
We will use the following estimates. 
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Claim 5.16. Suppose that the strategy (A, A, |Y)) achieves bias at least 3/5 — S in H. Then the following 
relations hold: 

Y^\\Bu\\l>3-0{V5), (28) 

i 

L\Ml>^-0{^''')- (29) 

Proof. We will repeatedly use the following easy fact: if X, Y, Y' G M(j(C) (g) Mrf(C) are such ||X||oo 
is bounded by some universal constant, then 

I (Y|yX|Y) - (Y|y'X|Y) I = I (Y|(Y - y')x|Y) I 

< (Y|(y - y')(y - y')^|Y)^/2 ■ (y|x+x|y)1/2 

< odly-y'll^), (30) 

where the first inequality is Cauchy-Schwarz. An analogous inequality holds with Y and Y' ap- 
pearing to the right of X. 

To prove ((28)) , use the triangle inequality and ((26)l , 

IIBhIIy = ||ld- (Id-B,-,-)||Y > 1- ||ld-B,-,-||Y > l-O(v^). 
To prove (|29l) , first fix some z ^ j G {1, 2, 3} and use the triangle inequality to obtain 

II^^j'/IIy — ||^!1^|ic||y ~ ll^^'^/illY" II^'7^I;IIy' ^^^^ 

where k is the unique index in {1,2,3} different from i and /. Using A^^Aji < Id, the second term 
in (131]) can be bounded by 0{^/S) using ((23]), 

||A,,A;.||^ = Tr(A„4Ay,Atp)'^' < |1 A^H^ = O(v^). 
The third term can be bounded as 

\\A,jA]j\\l = {W\AijAtAjjAt^ld\W) 

^{W\AtAjjAjj(S^Al\Y)^0 

where both approximate equalities are up to an additive 0{\/S) and follow from ((30)) : in the first 
we replace Ajj (8) Id with Id (8) using ((27)) to bound the error, and in the second we replace 

A^j = Ajj with 0, this time using ((23)) to bound the error. 
To complete the proof, we will now show that 

where /c G {1, 2, 3} is the unique index different from i and j. Consider the two terms correspond- 
ing to (z,;) = (1,2) and (/,;) = (1,3). For the former, we write 

ll^is^slli = ^Id|Y) 

« (Y|Al3A23A|3^A|3|Y) 
« (Y|A+3A23^A|3Ai3|Y), 
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where as before the approximate equalities are up to an additive O(v^) and follow from ((30)) 
and ((27|) . For the latter we follow the same sequence, but add two extra steps at the end, 

11^12^5211^ ~ (YIA3+2A32 ® 

^ -(YIA53A32® Al2Ai2|Y) 
^ (¥1^+3^23^ AI2A12IY), 

where the last two approximate equalities are up to an additive O(v^) and follow from ((30)) 
and ((24)) . Summing the two terms, and using ((26)) and ((23)) , we get 

||^13A^3|Iy+ ^12^52 (Y|Al3A23^(A|3Ai3 + A|2Ai2)|Y) 



(Y|Al3A23®Id|Y) 



2 



= ||^32||y 

Repeating the same proof for the other two pairs of terms, summing the results, and noticing that 

1 1 1 1 Y ~ II 1 1 Y '^^^ *° S^* 

E II Ai4IIy > ^ E II AvIIy - o{V~s) > ^ - o{V~s), 

where the last inequality uses ((25)). This complete the proof. □ 

To conclude the proof of the lemma, we claim that ((28)) and ((29)) are incompatible with the 
condition [AA^)^ < Id. To see why, let Da be the diagonal blocks of [AA^Y and note that together 
both inequalities imply that 

ETr(D„p) >3 + \-0{5'''). 

i 

But {AA^Y < Id implies that 

ETr(D,/p) < 3, 

(' 

which gives a contradiction for small enough 5. □ 
5.3.3 The games (H„) 

In this section we follow IIHI95II in introducing a family of games {H„}„>i which generalizes the 
game H = Hi from the previous section. The main motivation for studying this family is that 
it satisfies lim„^coCt;"'^(H„)/a;''-(H„) = 2, which as shown in Theorem 14. 11 1 is as strong a gap as 
possible between these two quantitieslll 

For any integer n > 1, H„ is a quantum XOR game of size N = To describe H„lll it 

will be convenient to index the canonical basis of by subsets S C [2n + 1] of cardinality n. 
Let i E [2n + 1], and for every S Q [2n + 1], \S\ = n, such that i ^ S let e{i,S) be the sign of 



^^In this case it also holds that cv(H„) = a;*- (H„ ), and we do not know if there exist games for which uj'"^ /cv > 2. 
^^See IHI95I Section 4] for an alternative definition. 
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the permutation of [2n + 1] defined (using the standard one-line notation) as {S, i, S U {i}), where 
both S and S U i are ordered. Define a Unear map c, from to itself by 



Ci : es ^ 




if / ^ S, 
otherwise. 



Let Ci be the matrix of c, in the basis {es}' ^rid define 

i\ -1 2n+i 

/ ! = 1 



4n + n 
2n 



It is not hard to check that M„ is Hermitian (in fact, C, is real symmetric or anti-symmetric, 
depending on the parity of n). Moreover, the normalization factor is chosen so as to ensure 
||M„||i = 1 IIHI951 Lemma 3.2]. Let H„ be the quantum XOR game whose associated matrix is 
M(H„) = Mn- One can check that the game Hi corresponds to the game H from the previous 
section. Haagerup and Itoh showed the following (see also ||Fisl2i Section 11] for the first part of 
the lemma). 

Lemma 5.17 ( [HI95| ). For every integer n > 1 it holds that 

Cm ^ / n + 1 \2/2n + l\V4n + l\-i co"'{H„) 2n + l 

a;(H„) = a;^(H„) = (;^::^) ( ) ( ) and 

Moreover, 



2n + l/ V " / V 2n J a;C(H„) n + 1 



'(H„) ^ {2n + l)^ fAn + iy fln + lY^ , tt 



a;C(H„) - {n + iy \ 2n J \ n J 2' 

Actually, PHBS] do not consider the (real) bias co{H„); the fact that a;(H„) = a;''^(H„) men- 
tioned above is an easy observation that follows from their lower bound on oj^ (H„ ) . The relevance 
of the lower boimd on a;""^(H„) / to^ (H„) is that it is strictly larger than the complex Grothendieck 
constant < 1.405, which bounds the same ratio from above for all diagonal matrices M, as 
described in Theorem l3.4[ 



6 Grothendieck inequalities 

In this section we introduce Grothendieck's original "commutative" inequality and two of its more 
recent generalizations, explaining how they lead to the key inequalities in Theorem 13.41 Theo- 
rem [411] and Theorem 14 . 19 1 respectively. 

6.1 The commutative Grothendieck inequality 

Grothendieck proved his famous inequality in [Gro53| motivated by the study of norms on the 
tensor product of two Banach spaces. Many equivalent formulations of the inequality exist, and 
we refer to Sections 2 and 3 of |Pisl2[ for a comprehensive survey. Here we restrict our attention 
to the finite-dimensional case. 
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In its most concrete formj^ the inequality says that there exists a universal constant such 
that, for any integer n and any real R = {Rs,t)s,tG[n]' 



sup 

d,Xs,yteR'' 



s,t 



Y,^st{xs,yt) < Kc max J^RstXsi/t 



s,t 



(32) 



where the supremum on the left-hand side is taken over aU vectors satisfying 

max I max ||;Cs|P/ max ||i/f |p| < 1. 

Recalling Q and the discussion following it, we see that the supremum in the right-hand side 
of (|32l ) is a;(R). Also, the left-hand side is co^'^P{R) as defined in @. The fact that the supremum 
in ((32)) is taken over vectors in R** and not does not change the supremum as already mentioned 
after Therefore, the inequality is equivalent to the bound co^'^P{R) < K^cv{R), for any real R, 
claimed in Theorem l3.4[ 

We now give an equivalent formulation of Grothendieck's inequality. In order to emphasize 
the connection to the non-commutative generalizations of Grothendieck's inequality, we follow 
the notation introduced in Section |4l even if it is somewhat artificial in the present context. Re- 
call the notation introduced above Definition 14.81 We associate with a classical XOR game with 
coefficients R = {Rs,t) s,tG\n] ^ diagonal matrix M in M„(C) (8) M„(C). With these conventions, 
Grothendieck's inequality ((32)) is easily seen to be equivalent to the following. 

Theorem 6.1 ( IIGro53| ). There exists a universal constant such that, for any integer n and real diagonal 
n^ X n^ matrix M, 

sup |Tr((X0y)M)| < sup |Tr((X Y) M) |, 

lix||oo,||y||oo<i 

where the supremum on the left-hand side is taken over all d > \ and vector-valued matrices X, Y G 
Matd (C") such that 

max|||XX+|| , ||YY+|| 1 < 1. 

Ml II oo' II 1 1 oo J — 

To see that the theorem is equivalent to the formulation ((32)) , the main thing to observe is that 
since M is diagonal, the suprema above can be equivalently restricted to diagonal X, Y (resp. X, Y). 
As argued before the theorem, the fact that X, Y may have complex vectors on their diagonal does 
not change the supremum on the left-hand side. Moreover, the constraint that X, Y are Hermitian 
of norm at most 1 implies that their diagonal entries are real numbers in [—1, 1]. 

The above discussion relates to what is known as the real Grothendieck inequality. If we relax 
the supremum on the right-hand side to allow all X, Y G M„(C) with norm at most 1, and extend 
the inequality to all complex diagonal M, we obtain what is known as the complex Grothendieck 
inequality, which holds with the better constant < K^. This inequality corresponds to the sec- 
ond statement in Theorem 13.41 The non-commutative Grothendieck inequalities described below 
are in this complex setting. 



^^Grothendieck's inequality was first reformulated in this way by Lindenstrauss and Pelczyriski ILP68I . 
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6.2 The non-commutative Grothendieck inequality 

The non-commutative Grothendieck inequality generalizes Theorem 16. II to the non-commutative 
setting by replacing the space ico by an arbitrary C* -algebra. Originally conjectured by Grothendieck, 
it was first proved by Pisier [Pis78J for C*-algebras satisfying a certain "approximability" assump- 
tion, and in the general case by Haagerup I Haa85J . Here we restrict our attention to the finite- 
dimensional case of M„(C). 

Theorem 6.2 ( flPis78llHaa85l ). Let n be an integer and M E M„{C) ^ M„(C). Then 

sup |Tr((X0y)M)| < 2 sup |Tr((X O Y) M) |, (33) 

l|x||oo<i,||yiu<i 

where the supremum on the left-hand side is taken over all d > 1 and vector-valued matrices X, Y G 
Matrf (C") such that 

max|||XX+|| + IIX^Xll , ||YY^|| + ||Y^Y|| I < 2. (34) 

I M Moo M Woo' M MooM Moo] — ^' 

Let M be the Hermitian matrix associated with a given quantum XOR game G. Since the 
constraint (|34)) is less restrictive than ((T2|) . the left-hand side of (|33)) is at least as large as the bias 
to"'^{M). Moreover, the right-hand side is exactly twice the complex bias a;^(M). Hence the 
inequality oj"'^{G) < 2co^{G) claimed in Theorem l4.11l is a direct corollary of Theorem l6.2[ 

We formulated Theorem 16.21 in a slightly different way than it appears in the literature on the 
subject. For the benefit of the interested reader, we briefly explain why our statement is equiv- 
alent to (the finite dimensional version of) the one that appears in Theorem 7.1, Eq. (7.2) of the 
survey [Pisl2J. The first thing to observe is that relaxing the constraint (|34)) by taking the geomet- 
ric average of the two terms instead of their maximum results in an equivalent statement. The 
reason is that one can replace X and Y by sX and s^^Y for some s > so that the two terms 
are equal and this does not affect the left-hand side of ((33)) . Once this modification is done, the 
only remaining thing to observe is that the matrix M G M„(C) (X) M„(C) can be equivalently 
thought of as the bilinear form ^ : M„{C) x M„{C) — ?■ C defined by (p(Ey,£;c,/) = M(j /) (, ;f) where 

= |/)(/| is the canonical basis of M„(C). With this identification, we have that for all X, Y, 
(p{X, Y) = Tr ((X (g) Y) M) . Hence, by definition, the right-hand side of ^ is II <p||, the norm of the 
bilinear form (p, and now the theorem is easily seen to be equivalent to the one in |Pisl2[ . 

6.3 The operator space Grothendieck inequality 

More recent work has lead to a different generalization of Grothendieck's inequality. This gener- 
alization originates in the study of operator spaces, and focuses on the so-called (jointly) completely 
bounded norm of a bilinear form, as opposed to the norm that appears in the non-commutative 
Grothendieck inequality above. Two variants of this "operator space Grothendieck inequality" 
are known, one by Pisier and Shlyakhtenko [PS02J (which applies to "exact" operator spaces) and 
another by Haagerup and Musat [HM08J (for not necessarily exact C* -algebras). Here we state 
the special case of M„{C), which is all that is needed for our purposes. 
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Theorem 6.3 dlPSOlllHMOSl ). Let n be an integer, and M G M„{C) ® M„(C). Then 



sup |Tr((XR0yc)M)| < 2 sup ||Trc«®c« ((X O Y) (M Idc^c^C'')) L' 

ii,Xj,,Xc,WceM^trf{C») d,X,YeM„a(C), 

|X||co,|| Y||co<l 

(35) 

where the supremum on the left-hand side is taken over alld > 1 and vector-valued matrices Xr, Xq, Yr, Yq G 
Matrf (C") such that XrQYc = XcQ Yr and 

ll^«^J|lL''ll^^?c||r + ||^JXc||f PkYIIIL/^ < lE (36) 

One can easily verify that the left-hand side of ( [351) is always at least as large as co'^'^^G), as the 
constraint ((36)) is less restrictive than ((17)) 1^ Moreover, if M is the Hermitian matrix associated 
with a given quantum XOR game G, then the supremum on the right-hand side is exactly the 
entangled bias co*{G). Therefore, the inequality co°^{G) < 2a;* (G) claimed in Theorem 14. 191 is a 
direct corollary of Theorem l6.3l 

For the benefit of the interested reader, we conclude this section by briefly explaining how 
Theorem 16.31 can be deduced from results appearing in the literature. In the first and main step 
we modify the supremum in the left-hand side of ((35)) which, to recall, is taken over the set of 
elements in 

W = {{Xr,Xc,Yr,Yc) G (M?trf (C"))4 \d>h XrQYc = XcQ Yr} 
satisfying ((36)) . Consider now the set 

W = [{Xr,Xc,Yr,Yc) G (Nfetd (C"))4 I d > 1, 

V/ G {l,...,d}, ((Xr);, (Yr);) is "non-negatively proportional" to ((Xc);, (Yc)/)}/ 

where non-negatively proportional means that one is obtained as the product of the other by a 
non-negative number (or equivalently, that either the latter is a product of the former by a positive 
number, or at least one of the two is zero). It is easy to check that W' Q W and hence if we modify 
the supremum to be over the elements of W (satisfying ((36)) ), it is not greater than the original 
one. We claim that the modified supremum is in fact equal to the original one. To show this, we 
first describe the so-called generalized singular value decomposition (see also |Bjo96| Theorem 
4.2.2] for the proof) and then derive from it a claim. 

Fact 6.4 ( IILoa75l IPS81II ). Let A\ and he two n x d matrices for some n < d. Let k be the rank of 
[Ai A2). Then there exist d x d unitaries Ui, U2, an n xk matrix R of full column rank, and non- 
negative diagonal matrices Di, D2 of dimension kxk such that D\ + D\ = Id satisfying 

AiLJi = R(Di Ofcx(d-^)) and Aaiii = K (D2 O^x(rf-)c)) • (37) 

^^An elementary manipulation shows that replacing this constraint by max { ||XrX^||co + ||Xj.Xc||oo, ||?k?j^||oo + 
II VjiYclloo} < 2 does not change the value of the supremum on the left-hand side of ( l35t . 

^^We note that the quantity (xi°^ coincides with what is known in operator space theory as the symmetrized Haagerup 
norm on M„ ® M„; see IPis03l Chapter 5]. 
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Claim 6.5. Let A\, A2, Bi, and B2 be n x d matrices satisfying AiB| = A2B2. Then for some d' > d 
there are d x d' isometries V\, V2 (i.e., matrices with orthonormal rows) such that if we denote by (A),- the 
ith column of a matrix A, then for all i G {1, . . . ,d'}, ((AiVi);, (62^2),) is non-negatively proportional 
to{{A2V2)i,{BiVi),). 

Proof. First, we can assume that d > n, as otherwise we can use the isometry to append zero 
coordinates. Now apply Fact 16.41 to Ai and A2, and let lli, II2, R, Di, D2 be the resulting matrices. 
Our assumption then implies that 

Okx(^d-k)){BiUiy = R{D2 Ok^(^,_k)) {B2U2)\ 
which, since R is of full column rank, implies 

(BiUi) ( ^\ ) = {B2U2) 

VJ{d-k)xkJ VJ{d-k)xk 

Together with ((37]l , we obtain 

(A2U2\ ( \ ^ (A,Ui\ ( D2 \ 

VBiUJ \0^d-k)xkj \B2U2J \0^d-k)xkj' 

and therefore, since Di and D2 are never both zero at the same location, ((AiJii),, (62^-^2) ;) is 
non-negatively proportional to ((A2!J2);/ (BiLTi),) for all / G {1, . . . For i > k, observe that 
both {AiUi)i and (A2JJ2)! are zero. Therefore, we can complete the proof by taking Vi = UiU[, 
V2 = U2U2, for the isometries U[, U2 defined as 

, _ fid 0\ , _ Ad 

"1- Vo Id oj' ^^-[00 Id 

where the dimensions of the three column blocks are k,d — k,d — k respectively and those of the 
row blocks are k,d — k. □ 

To show that the modified supremum is equal to the original one as claimed, take any tuple 
(Xr, Xq, Yr, Yc) £ W and apply Claim [631 with Ai, A2, Bi, and B2 taken to be the n^ x d matrices 
whose rows contain the vector entries of Xr, Xq, Yq, and Yr respectively. The condition AxB\ = 
A2B2 holds because it is equivalent to Xr Yc = Xc Yr. The claim then shows that there exist 
two isometries, such that if we apply one to the vector entries of Xr and of Yq, and the other to 
the vector entries of Xq and of Yr, then the resulting tuple iX!^, X^, Y^, Y^) is in W". It remains to 
notice that since all we did was apply isometries, the new tuple achieves the same goal function 
and still satisfies the constraint (|36l) . 

In the second step, consider the set W" defined like W' except that we require positive propor- 
tionality instead of a non-negative one (which means that one pair can be obtained from the other 
by multiplication by a positive number). By continuity of the goal function and the constraint (|36l >, 
it is clear that taking the supremum over W" is again equivalent to the original form. 

The resulting equivalent form of Theorem |6.3l (with the supremum over W" instead of over W) 
is essentially the way the theorem appears in the literature, although using different terminology, 
as we now explain in more detail. As we saw in the previous section, M can be equivalently 
thought of as a bilinear form cp : M„{C) x M„(C) — )■ C. One can also think equivalently of M as a 
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linear map u defined by {ux,y) = q){x,y) for all x,y ^ M„(C), and this is the terminology usually 
adopted in P Pisl2L The supremum on the right-hand side of (|35)) is known in operator space 
theory as the completely bounded norm of u, or equivalently, the jointly completely bounded norm of 
This is most easily seen from Proposition 13.9 of |Pisl2l . It remains to use the equivalence 
shown in Proposition 18.2 of IIPisl2|l between its items (i) and (ii) to conclude that our theorem 
is equivalent to (the finite dimensional case of) the main theorem of [HMOS], Theorem 1.1. (We 
remark that Pisier states in Theorem 18.1 of [Pisl2J a corollary of Theorem 1.1 of [HM08J which, if 
used in combination with his Proposition 18.2 implies Theorem [63] with the worse constant of 4.) 
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